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Abstract. The goal of this paper is to prove the equivariant version of Bloch's 
Riemann-Roch isomorphism between the higher algebraic iiT-theory and the 
higher Chow groups of smooth varieties. We show that for a linear algebraic 
group G acting on a smooth variety X, although there is no Chern character 
map from the equivariant iiT-groups to equivariant higher Chow groups, there is 
indeed such a map 

Kf{X)®ii(^G)R{G) ^ CH*(.{X,i)®s(G)S{G) with rational 
coefficients, which is an isomorphism. This implies the Riemann-Roch isomor- 
phism Kf{X) CHq {X,i). The case i = provides a stronger form of the 
Riemann-Roch theorem of Edidin and Graham (of. [6]). 



A variety in this paper will mean a reduced, connected and separated scheme of 
finite type with an ample line bundle over a field k. This base field k will be fixed 
throughout this paper. Let G be a linear algebraic group over k acting on such 
a variety X. Recall that this action on X is said to be linear if X admits a G- 
equivariant ample line bundle, a condition which is always satisfied if X is normal 
(cf. [26| Theorem 2.5] for G connected and [271 5.7] for G general). All G-actions 
in this paper will be assumed to be linear. For i > 0, let K^{X) (resp. Gf{X)) 
denote the ith homotopy group of the i^'-theory spectrum of G-equivariant vector 
bundles (resp. coherent sheaves) on X. The G-equi variant higher Chow groups 
CHq{X,i) of X were defined by Edidin and Graham (cf. [7], also see below for 

G 

more detail) as the ordinary higher Chow groups of the quotient space A x [/, 
where U is an open subscheme of a representation of G on which the action of G 
is free, and its complement is of sufficiently high codimension. 

It has been known for a long time that in the non-equivariant case, there is a 
Riemann-Roch isomorphism Go(A)q — * Gif*(A, 0)^ (cf. [H]). It is an impor- 
tant question to know if there are functorial Chern character and Riemann-Roch 
maps from A-theory spaces to a given cohomology theory, and if these maps are 
isomorphisms with rational coefficients. It was proved by Bloch (cf. Theo- 
rem 9.1]) that for a quasi-projective variety A, there are Riemann-Roch maps 
Gj(A) — > CH*{X,i) which are isomorphisms with rational coefficients. It then 
follows that if A is smooth, the Chern character maps Ki^X)^ —>■ Gif*(A, z)^ 
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In this paper, we address the question of extending this result to the equivariant 
setting. It is not difficult to see however that unlike in the non-equivariant case, 
one can not expect such an isomorphism between the equivariant i^'-groups and 
higher Chow groups without perturbing them in some way. For example, for a finite 
cyclic group G of order m, one knows that KQlk)^ is a Q- vector space of rank 
m, while CHq{X, 0)q is a Q-vector space of rank 1. This makes the equivariant 
Riemann-Roch problem more subtle than the ordinary one. 

For finite group actions, the structure of G^{X) was analysed in [37] . The case 
that G acts on a smooth variety X with finite stabilizers was treated in [32] and 
[33) . In this case, one shows that G'^(X)q splits as a product from which one can 

deduce the equivariant Riemann-Roch for GHq {X, 0). 

The situation is much more subtle when the stabilizers are not finite. Edidin 
and Graham proved the following fact. Denote by R{G) the ring of representations 

of G, tensored with Q; call Ig C R{G) the ideal of virtual representations of rank 
zero. 

Theorem 1.1 (Edidin-Graham, [6]). Let X be a separated algebraic space, and let 

Gq{X) denote the Ic-adic completion of the R{G)-module Gq{X)^. Then there is 
a Riemann-Roch map 

oo 
3=0 

which is an isomorphism. 

Now, one can ask, ffist, if the completions of Edidin-Graham at the Go-level 
is the minimal perturbation one requires to define and prove Riemann-Roch iso- 
morphisms in the equivariant setting, and second, if such isomorphisms could be 
established also for the higher equivariant i^-groups. Our goal in this paper is to 
answer these two questions, in the particular case that X is smooth. We show that 
the difference between the equivariant and the non-equivariant cases occurs already 
at the level of Kq of the base field: once this difference is taken into account, one 
can define and prove the Riemann-Roch and Chern character isomorphisms for 
equivariant higher i^-theory just like Bloch's theorem in the non-equivariant case. 

We set up some notations before we state our main result. For a linear algebraic 
group G over k as above, let R{G) denote the ring of virtual representations of G 
and let Iq be the ideal of the rank zero virtual representations, i.e., Iq is the kernel 
of the rank map R{G) Z. It is easy to see that R{G) is same as the Grothendieck 

group K^{k). Let R{G) denote the completion of the ring R{G) with respect to the 
ideal Iq- Let S{G) denote the equivariant Chow ring CHQ{k, 0) = ^jy^CH^^k, 0) 

and let Jq denote the irrelevant ideal ^jy^CH^{k,0). Let S{G) denote the Jq- 
adic completion of S{G). We shall call Iq and Jg as the augmentation ideals of 
the rings R{G) and S{G) respectively, conforming to the notations already in use 

in the literature. Let Ig (resp. Jq) denote the extension of Ig (resp. Jg) in the 
completion R{G) (resp. S{G)). 
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For a variety X with a G-action, put 

CH^{X,i) = 0Ci7^(X,i) for t > 0. 

It is known (cf. [7J) that the term on the right is an infinite sum in general. 
For any such variety X, Gf{X) and Kf{X) are ii'^(X)-modules and hence the 
ring homomorphism R{G) Kq{X) makes Gf{X) and Kf^{X) i?(G')-modules. 
Moreover, for any G-equivariant map f : X —>■ Y, the pull-back map /* : K^{Y) —>■ 
K^{X) is i?(G)-linear, and the projection formula (cf. [151 Ex. II. 8. 3]) implies that 
so is the push-forward map if / is proper. At the level of equivariant higher Chow 
groups, the smoothness of the classifying stack BG implies that there is an action 
of GHQ{k, 0) on CHq{X, i) {cf. [2], Proposition 5.5]) and this makes the latter an 
5'(G)-module. As in the case of /^-groups, any G-equivariant map / : X — > F 
induces an S'(G)-linear pull-back map on the equivariant higher Chow groups if 
Y is smooth, and an 5'(G)-linear push-forward map if / is proper (cf. [21, 5.8]). 

For a G- variety X, let Gf{X) denote the Jc-adic completion of the i?(G)-module 

Gf(X), and let GHq{X,i) denote the J^-adic completion of the S'(G)-module 
CHq{X, i). Finally, we recall that if X is smooth, then there is a poincare duality 

isomorphism of spectra i^'^(X) ^ G^{X) {cf. [27, Theorem 1.8]). All the K- 
theory and Chow groups in this paper (except in Section 2) will be tensored with 
Q. We now state our main result. 

Theorem 1.2. Let X be a smooth variety with a G-action. Then for any i > 0, 
there are Chern character maps 

(1.1) cl^ : K^{X)^n^G)R{G) CH*a{X, i)^siG)S{G) 

(1.2) ch''^■.Kf{X)-^CHUX,^) 
and a commutative diagram 

(1-3) K^{X)®n^G)R{G) CH*a{X, t)®s(G)S{G) 

mx) — — > CH^, i) 

chx 

such that the horizontal maps are isomorphisms and the vertical maps are injective. 
Moreover, these Chern character maps commute with the pull-back maps on K- 
groups and higher Chow groups of smooth G-varieties, and with products. 

Corollary 1.3. Let X be a smooth variety with a G-action. Then for every i > 0, 
there is a Riemann-Roch isomorphism 

r^:Kf{X)^CH^,z). 
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This result is the correct generahzation of the Riemann-Roch theorem of Edidin 
and Graham [B] to the higher i^-theory. In fact for i = 0, one knows (cf. 
Proposition 2.1], [T, Corollary 2.3]) that the Jc-adic and the graded filtrations 

oo 

induce the same topology on CHq (X, 0). Hence the natural map CHq{X, i) ^Yl 

CHq{X, 0) is an isomorphism. In particular, the main result of Edidin and Graham 
[6] is a special case of Corollary 11.31 

For actions with finite stabilizers, the above results can be further refined to 
give the following stronger form which is strikingly similar to the Bloch's non- 
equivariant Riemann-Roch theorem. For i = 0, the Riemann-Roch in this form 
was conjectured by Vistoli (cf. [36]) and proved (without the surjectivity assertion) 
by Edidin and Graham (cf. [6, Corollary 5.2]). 

Theorem 1.4. Let G act on a (possibly singular) variety X with finite stabilizers. 
Assume that X is either smooth or, the stack \X/G] has a coarse moduli scheme. 
Then for i > 0, the Riemann-Roch map of Theorem \9.1\ induces a map 

Gf{X)^CHUX,^), 

which is surjective, and a G Ker (r^) if and only if there exists a virtual represen- 
tation e G R{G) of non-zero rank such that ea = 0. 

We make a few remarks on the above results. First of all, our results seem to be 
best possible form of equivariant Riemann-Roch Theorem one could possibly h ope 
for. This is because it is unavoidable to tensor the left and the right sides of 11.11 

with R{G) and S{G) respectively, as can be seen even at the level of finite group 
actions. 

The ring R{G)q has in general infinitely many maximal ideals, besides the aug- 
mentation ideal Iq- For any maximal ideal m, let R{G)^ denote the m-adic com- 
pletion of R{G)q, and let Gf{X)^ denote the tensor product Gf{X)®ji(^G)RiG)^. 

Then the results of this paper give a description of the group Gf{X)j^ in terms 
of equivariant higher Chow groups. One would like to give a similar description of 

Gf{X)^, for any given maximal ideal m. This will be the subject of a forthcoming 
sequel to this paper. 

We end this section with a brief description of the contents of the various sections 
of this paper. We review the definitions and various properties of the equivariant 
higher Chow groups in the next section. The main result here is a self intersection 
formula for the higher Chow groups. This formula is crucial for the decomposition 
theorem of equivariant higher Chow groups of varieties with an action of a diago- 
nalizable group. In Section 3, we prove various reduction techniques for describing 
the equivariant higher Chow groups for action of arbitrary groups in terms of the 
higher Chow groups for action of tori. We also prove a decomposition theorem for 
the equivariant higher Chow groups of a G-variety X when certain subgroup of G 
acts trivially on X. Section 4 is devoted to the description and comparison of var- 
ious completions of the S'(G)-modules GHq {X, •) for a G-variety X. In Section 5, 
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we study the notion of cohomological rigidity, which is then used to construct vari- 
ous speciahzation maps between the equivariant higher Chow groups, analogous to 
the speciahzation maps in equivariant i^'-theory in [M] . In the following section, we 
prove our main decomposition theorem (Theorem 16.31) for the equivariant higher 
Chow groups for action of diagonalizable groups. This is one of the crucial steps 
in proving Theorem 11.21 for diagonalizable groups. In Section 7, we construct our 
main objects of study, the equivariant Chern character and Riemann-Roch maps. 
We also prove various properties of these maps which are useful in proving our 
main results. Our approach to the proof of our main result is to eventually reduce 
it to the case when the underlying group acts either with finite stabilizers or with 
a constant dimension of stabilizers. Sections 8 and 9 are devoted to proving our 
results in these cases for the action of diagonalizable groups. In Section 10, we 
prove our main result for actions of diagonalizable groups. Section 11 is devoted 
to proving some results for relating the equivariant i^"-groups and higher Chow 
groups for actions of any linear algebraic groups with these groups for actions of 
diagonalizable groups. We finally prove the above stated results in the last section 
of the paper. We also give an application of the above Riemann-Roch theorems to 
the equivariant i^-theory. 



2. Equivariant Higher Chow Groups 

Unlike the case of the rest of this paper, all the groups in this section will be 
considered with integral coefficients. We begin with a brief review of the equivari- 
ant higher Chow groups from [7J and their main properties, especially those which 
will be used repeatedly in this paper. Our main result in this section is the self in- 
tersection formula for the higher Chow groups of smooth varieties. The analogous 
formula for the higher K-theorj was proved by Thomason (cf. [281 Theorem 3.1]). 
Surprisingly, this formula for the higher Chow groups has still been unknown. The 
equivaria nt v ersion of this formula will be crucial in proving our decomposition 
Theorem 16.31 for the equivariant higher Chow groups of smooth varieties with an 
action of a diagonalizable group. 

Let G be a linear algebraic group and let X be an equidimensional variety over 
k with a G-action. All representations of G in this paper will be finite dimensional. 
The definition of equivariant higher Chow groups of X needs one to consider certain 
kind of mixed spaces which in general may not be a scheme even if the original 
space is a scheme. The following well known (cf. [71 Proposition 23]) lemma shows 
that this problem does not occur in our context and all the mixed spaces in this 
paper are schemes with ample line bundles. 

Lemma 2.1. Let H be a linear algebraic group acting freely and linearly on a 
k-variety U such that the quotient U/H exists as a quasi-projective variety. Let X 

H 

be a k-variety with a linear action of H. Then the mixed quotient X x U exists for 
the diagonal action of H on X xU and is quasi-projective. Moreover, this quotient 
is smooth if both U and X are so. In particular, if H is a closed subgroup of a 
linear algebraic group G and X is a k-variety with a linear action of H, then the 

H 

quotient G x X is a quasi-projective scheme. 
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Proof. It is already shown in ^ Proposition 23] using [9, Proposition 7.1] that the 

H 

quotient X x U is a scheme. Moreover, as U/H is quasi-projective, Proposi- 

H 

tion 7.1] in fact shows that X x U is also quasi-projective. The similar conclusion 

H 

about G X X follows from the first case by taking U = G and by observing that 
G/H is a smooth quasi-projective scheme (cf. [3, Theorem 6.8]). The assertion 

H 

about the smoothness is clear since X x U X x U is a principal //-bundle. □ 

For any integer j > 0, let be a representation of G and let U he a G- invariant 
open subset of V such that the codimension of the complement V" — ?7 in y is larger 
than j, and G acts freely on U such that the quotient U/G is a quasi-projective 
scheme. Such a pair {V, U) will be called a good pair for the G-action corresponding 
to j. It is easy to see that a good pair always exists (cf. [3 Lemma 9]). Let Xq 

G 

denote the quotient X x U of the product X xU hj the diagonal action of G which 
is free. We define the equivariant higher Chow group CHq{X,i) as the homology 
group Hi{Z{XG, ■)), where Z{Xg,-) is the Bloch's cycle complex of the variety 
Xg- It is known (ioc. cit.) that this definition of CHq{X,i) is independent of 
the choice of a good pair {V, U) for the G-action. One should also observe that 
GHQ{X,i) may be non-zero for infinitely many values of j, a crucial change from 
the non-equivariant higher Chow groups. The following result summarizes most 
of the essential properties of the equivariant higher Chow groups that will be used 
in this paper. Let Vg denote the category of G-varieties with G-equivariant maps 
and let denote the full subcategory of smooth G-varieties. 

Proposition 2.2. The equivariant higher Chow groups as defined above satisfy the 
following properties. 

(i) Functoriality : Covariance for proper maps and contravariance for flat maps. 
Moreover, if f : X ^ Y is a morphism in Vg with Y in Vq, then there is a pull- 
back map f* : CH^(Y,i) CH^{X,i). 

(ii) Homotopy : If f : X ^ Y is an equivariant vector bundle, then f* : 
CH*G{Y,t)^GH*G{X,z). 

(Hi) Localization : If Y C X is of pure codimension d with complement U, then 
there is a long exact localization sequence 

■ ■ ■ ^ CH*^r\Y, i) ^ CH},{X, i) ^ CH},{U, i) ^ CH*^-\Y, z - 1) ^ ■ ■ ■ . 

{iv) Exterior product : There is a natural product map 

CW^{X, i)®CH(.{Y, i') ^ CW(^^\X xY,i + i'). 

Moreover, if f : X ^ Y is such that Y G V'g, then there is a pull-back via the graph 
map Tf-.X-^XxY, which makes CHg{Y, ■) a bigraded ring and GHq^X, ■) a 
module over this ring. 

(f ) Chern classes : For any G-equivariant vector bundle of rank r, there are 
equivariant Chern classes cf{E) : CWq^X^i) CHQ~''{X,i) for I < I <r, having 
the same functoriality properties as in the non-equivariant case. 
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(vi) Projection formula : For a proper map f : X Y in Vg with Y G V^, one 
has for X e CH*aiX, ■),y e CH*aiY, ■), /, (x ■ f*iy)) = ■ y. 

(vii) Free action : // G acts freely on X with quotient Y , then there is a natural 

isomorphism CHq^X^i) ^ CH*(Y,i). 

Proof. Since the equivariant higher Chow groups of X are defined in terms of the 
the higher Chow groups of Xq, the proposition (except possibly the last property) 
can be easily deduced from the similar results for the non-equivariant higher Chow 
groups as in [2] and the techniques of loc. cit.. We therefore skip the proof. 
For the last property, fix j > and choose a good pair {V, U) for the G-action 
corresponding to j. Since G acts freely on X, it acts likewise also on X x V with 
quotient, say Xy. Then Xq is an open subset of Xy and Xy — * F is a locally 
trivial l^-fibration, which implies that the map CH^ {Y,i) CH^ {Xy,i) is an 
isomorphism by the homotopy invariance. On the other hand, the pull-back map 
CH^ {Xy, i) — > CH^ {Xg, i) = CHq {X, i) is an isomorphism by the property {iii) 
as i is sufficiently large. □ 

If X is not equidimensional, then one defines the equivariant higher Chow groups 
CHj^{X, i) as CHj^i^g{XG, i), where Xg is formed from an /-dimensional represen- 
tation V such that V — U has sufficiently high codimension and g is the dimension 
of G. The groups CHf{X,i) enjoy many of the properties stated above and in 
particular, one has the localization sequence as above even if the closed subscheme 
F C is not equidimensional (cf. [loc. cit., Proposition 5]). It is easy to see that 

CHj^{X,i) = CH^\X,i) if X is equidimensional of dimension d. 

We next recall that the Chern classes cf{E) of an equivariant vector bundle E, 
as described in Proposition 12. 21 above, live in the operational Chow groups A'-{Xg)- 
If X is in Vq however, this operational Chow group is isomorphic to the equivariant 
Chow group CHq{X, 0) and the action of cp(-E') on CHq{X, ■) then coincides with 
the intersection product in the ring CHq{X, ■). 

Finally, we recall from loc. cit. that if if C G is a closed subgroup and if (V, U) 

H G 

is a good pair, then for X G Vg, the natural map of quotients X x f/ — > X x [/ 
is a G/ff-principal bundle and hence there is a natural restriction map 

(2.1) r%:CH*a{X,.)^CH1j{X,.). 

Taking H = {1}, and using the homotopy invariance and the localization sequence, 
one gets a natural map 

(2.2) r'^:CH*aiX,-)^CH*iX,-). 

Moreover, as is the pull-back under a fiat map, it commutes (cf. Proposition l2.2l) 
with the pull-back for any fiat map, and with the push-forward for any proper map 
in Vg- We remark here that although the definition of r'§ uses a good pair {V, U) 
for any given j > 0, it is easy to check from the homotopy invariance that is 
independent of the choice of the good pair (V, U). 

As mentioned before, our main goal in this section is to prove a self-intersection 
formula for the ordinary and equivariant higher Chow groups. Our main technical 
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tool to prove this is the deformation to the normal cone method. Since this tech- 
nique will be used several times in this paper, we briefly recall the construction 
from fTD, Chapter 5] for our as well as reader's convenience. Let X be a smooth 

/ 

variety over k and let F "-^ X be a smooth closed subscheme of codimension d > 1. 
Let M be the blow-up of X x along Y x oo. Then BIy{X) is a closed subscheme 

of M and one denotes its complement by M. There is a natural map vr : M — >■ 
such that 7r~^(A^) = X x with vr the projection map and '7r~^(oo) = X', where 
X' is the total space of the normal bundle Ny/x of ^ in X. One also gets the 
following diagram, where all the squares and the triangles commute. 



(2.3) 




? r X pi 



Y 



f 



X' 



In this diagram, all the vertical arrows are the closed embeddings, tQ and ioo are the 
obvious inclusions of y in y x P^ along the specified points, i and j are inclusions 
of the inverse images of oo and respectively under the map vr, u and /' are 
are zero section embeddings and py is the projection map. In particular, one has 
Py ° io = Py ° ioo = idy. 

We also make the observation here that in case X is a G-variety and Y is G- 
invariant, then by letting G act trivially on P^ and diagonally on X x P^, one 
gets a natural action of G on M, and all the spaces in the above diagram become 
G-spaces and all the morphisms become G-equivariant. This observation will be 
used later on in this paper. 

We shall need the following result about the higher Chow groups which is an 
easy consequence of Bloch's moving lemma. 

Lemma 2.3. Let 




he a fiber diagram of closed immersions such that X and Y are smooth. Then one 
has I* o j; = j\ o r : CH*{Y, ■) ^ CH*{Z, ■). 

Proof. Since X and Y are smooth, we can assume them to be equidimensional. 

Let ■) Z^iY,-) be the subcomplex which is generated by cycles on 

y X A' which intersect all faces of Z x A' and W x A' properly. Similarly, let 
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Z^(X, ■) ^ ZP{X^ ■) be the subcomplex generated by cycles on X x A' which 
intersect all faces of Z x A' properly. Then ix and iy are quasi-isomorphisms 
by the moving lemma (cf. [2T, Theorem 1.10]). However, if V E Z^y^{Y, ■) is an 
irreducible cycle in F x A*^, then the conclusion of the lemma is checked easily. □ 

Lemma 2.4. Consider the diagra'm \2.3\ and let y G CH*{Y,m). Then there exists 
z E CH*{M,m) such that f^{y) = h*{z) and f\{y) = i*{z). 

Proof. Put y = Pyiy) and z = F^:{y). Then 

f*{y) = f*{{pY°ioT{x)) 

= f*°io°PY{y) = f*°ioiy) 

= u*oF'4rm 

= u*oj*oF^{y) 
= h*oF,{y) = h*iz). 



(by Lemma [2. 3 p 

(since j is an open immersion) 



Similarly, 



f'M = f'Aipyoi^nx)) 

= f'*°i*oo°p*Yiy) 

= i*oF,{y) 

= i*iz). 



f\ ° ^lo {y) 



(by Lemma 



□ 



Theorem 2.5 (Self-intersection Formula). Let Y ^ X be a closed immersion 
of smooth varieties of codimension d>l, and let Ny/x be the normal bundle ofY 
in X . Then one has for every y G CH*{Y, ■), f* o f^{y) = Cd {Ny/x) ■ y- 



Proof. We first consider the case when X 



y is a vector bundle of rank d and / 
: idy. In that case, we have 



(by Proposition 12.21 (vi)) 



is the zero section embedding so that p o f 
f*ofM = rof4f*op*{y)) 

= r{m-P*{y)) 
= r (/*(!)) ■(r°P*(y)) 

= /*(/*(!)) -2/ 
= Cd {Ny/x) ■ y, 

where the last equality follows from the self-intersection formula for Fulton's Chow 
groups (cf. [TTl Corollary 6.3]). This proves the theorem in the case of zero section 
embedding. 

Now let Y X be a s in the theorem. We consider the deformation to the 
normal cone diagram 12.31 and choose z G CH*{M, ■) as in Lemma [2.4[ Then we 
have 

r°fM = r°h*{z) = to*oF*{z) 

= z*^oF*{z) = f'*oz*{z) 

= Cd (Ny/x') ■ y (by the case of vector bundle above) 
= Cd {Ny/x) ■ y. 
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This completes the proof of the theorem. □ 

/ 

Corollary 2.6. Let G he a linear algebraic group over k and let Y X be a closed 
immersion of codimension d > 1 in Vq. Then one has for every y G CHq{Y, ■), 

f*oMy) = c^{NY/x)-y- 

Proof. Fix i,j > and choose and good pair {V,U) for n ^ j + d. We can 
then identify Cifg(X, z) with CHP[XG,i) (and same for Y) for p < n. We can 
also identify c^{E) with Cd^Ec) for any equivariant vector bundle E on Y {cf. 
[TJ Section 2.4]). Now the proof of the corollary would follow straightaway from 
Theorem 12.51 once we show that [Ny/x)q is the normal bundle of Yq in Xq- But 
this follows immediately from the elementary fact that if G acts freely on a smooth 
variety Z and is a smooth closed and G- invariant subvariety of Z with normal 
bundle A^, then G acts freely on N, and moreover, N/G is the normal bundle of 
W/G in Z/G. We leave the proof of this fact to the reader. □ 

3. Reduction techniques For Equivariant Higher Chow Groups 

One of the important tools in the equivariant geometry is the technique of re- 
ducing the study of varieties with action of an arbitrary linear algebraic groups 
to the reductive and then to the diagonalizable groups. In order to successfully 
apply this technique in practice, one often needs to know how certain invariants of 
varieties with an action of a group G are related to these invariants for the actions 
of various subgroups or quotients of G. In this section, we establish some basic 
results in this direction about the equivariant higher Chow groups. We recall here 
our convention that an abelian group A in the rest of this paper will actually mean 
the group A^^Q- 

Although many of the results that follow hold also with the integral coefficients, 
we shall not need them in that form. 

Proposition 3.1 (Morita isomorphism). Let H be a normal subgroup of a linear 
algebraic group G and let F = G/H. Let f : X ^ Y be a G-equivariant morphism 
of G -varieties which is an H-torsor for the restricted action. Then for every i,j > 
0, the map f induces an isomorphism of the equivariant higher Chow groups 

CHi,{Y,t) ^CHl,{X,t). 

Proof. We first observe from [25l Corollary 12.2.2] that F is also a linear algebraic 
group over the given ground field k. Now, since / is an if-torsor, it is clear that G 
acts on Y via F. Fix j > and choose a good pair (V", U) for the F-action on Y 
corresponding to j. Then V is also a representation of G in which U is G-invariant. 
In particular, G acts on X x U via the diagonal action, which is easily seen to be 
free since H acts freely on X and F acts freely on U. By the same reason, we see 
that XxU^YxU is G-equivariant which is a principal if-bundle. This in turn 
implis that the map (X x U)/G ^Yp is an isomorphism and hence we get 

(3.1) CWp {Y, i) = CW {Yp, i) ^ CW ((X X f/)/G, i) . 

On the other hand, we have 

CHi. (X, i) = CHI (X X i) = Gif^ (X xU,i)^ CW ((X x t/)/G, i) , 



RIEMANN-ROCH FOR EQUIVARIANT A"- THEORY 11 

where the first isomorphism is due to the homotopy invar iance, the second follows 
from the localization property (cf. Proposition \'2.2\ {Hi)) as j is sufficiently large, 
and the third isomorphism follows from Proposition 12.21 {vii) . The proof of the 
proposition now follows by combining this with 13.11 □ 

Corollary 3.2 (cf. [6]). Let H G G be a closed subgroup and let X G Vh- Then 
for any i,j > 0, there is a natural isomorphism 

(3.2) CHi. (^G X X,i^ ^ CHjj (X, i) . 

Proof. Define an action of if x G on G x X by 

ih,g) ■ {g',x) = {gg'h-^,hx) , 

and an action of ff xG on X by {h, g)-x = hx. Then the projection map GxX Ax 
is {H X G)-equivariant which is a G-torsor. Hence by Proposition 13.11 the natural 

map GHIj (X, z) ^ CHj^^Q (G x X,i). On the other hand, the projection map 

H 

GxX^GxX is {H X G)-equivariant which is an if-torsor. Hence we get 
an isomorphism Gif^ ^G x X,i^ ^ ^H^hxg ^ The corollary follows by 

combining these two isomorphisms. 

□ 

Theorem 3.3. Let G be a connected and reductive group over k. Let B be a Borel 
subgroup of G containing a maximal torus T over k. Then the restriction maps 

(3.3) Gi/^(X,-)^Gif;(X,-), 

(3.4) Gif* (X, ■) ^ CH^ (X, ■) 

are respectively isomorphism and split monomorphism. Moreover, this splitting is 
natural for morphisms in Vq- In particular, if H is any closed subgroup of G, then 
then there is a split injective map 

(3.5) CH*H (X, ■) ^ GH^ (^GxX,- 
Proof. We first prove 13.31 By Corollary 13. 2[ we only need to show that 

(3.6) GH*s(bxX,-]^GH^{X,-). 



By O XXII, 5.9.5], there exists a characteristic filtration B^ = Uq ^ Ui ^ ■ ■ ■ ^ 
Un = {1} of the unipotent radical of B such that Ui-i/Ui is a vector group, 
each Ui is normal in B and TUi = T x Ui. Moreover, this filtration also implies 
that for each i, the natural map B/BUi B/TUi^i is a torsor under the vector 
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bundle Ui-i/Ui x B/TUi-i on B/TUi^i. Hence, the homotopy invariance gives an 
isomorphism 

CH*^ {B/m^i X X, ■) ^ CH*s {B/TU, x X, ■) • 
Composing these isomorphisms successively for i = 1, ■ ■ ■ , n, we get 

CH*s{X,-)^CH*s{B/TxX,-). 

T 

The isomorphism of 5- varieties B x X = B/T x X (cf. Corollary 13. 2p now 
proves 13.61 and hence 13.31 

To prove [131 we can apply IX^ to reduce to showing that the map CH^ {X, ■) 
CH*Q (X, ■) is a naturally split monomorphism. By 13.21 there is an isomorphism 
f B \ 

CH"^ {X, ■) = CHq I G X X, • 1 . Moreover, there is an isomorphism of G- varieties 

B 

G X X = G/B X X. Thus it suffices to show for the flat and proper map / : 
G/B X X — i> X that /* is split by the map f^,. Using the projection formula of 
Proposition 12.21 it suffices to show that /*(!) = 1. But this follows directly from 
Theorem 2.1]. Finally. [3.51 follows from 13.4] and Corollary 13.21 □ 

Proposition 3.4. Let H be a possibly non-reductive group over k. Assume that 
H has a Levi decomposition H = L x such that is split over k (e.g., when 
k is of characteristic zero). Then the restriction map 

(3.7) CH*HiX,-)^GHl{X,-), 
is an isomorphism. 

Proof. Since t he u nipotent radical of H is split over k, the proof is exactly same as 
in the proof of l3.3[ where we just have to replace B and Thy H and L respectively. 

□ 

Remark 3.5. We point out here that though we have assumed all abelian groups 
to be tensored with Q in this and the latter sections, the readers can check from 
the proofs that the results of this section so far, remain true with the integral 
coefficients. 

A consequence of Theorem 13. 3l is that the equivariant higher Chow groups for the 
action of a connected reductive group G are subgroups of the equivariant higher 
Chow groups for the action of a maximal torus of G. In our next result, we prove 
a refinement of this by giving an explicit description of these subgroups. This is 
a generalization of the analogous result Proposition 6 of [7] to equivariant higher 
chow groups. We begin with following result about the non-equivariant higher 
Chow groups. 

Lemma 3.6. If L is a linear variety over k and X = Y x L, then the exterior 
product map 

CH*iY, ■)0cHHk, )CH*{L, ■) ^ CH*iX, ■) 
is an isomorphism of GH*{k, ■) -modules. 
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Proof. We prove by the induction on the dimension of L. If L is 0-dimensional, 
there is nothing to prove. So we assume that dim(L) > 1 and that the lemma holds 
for all linear varieties of dimension less than the dimension of L. Put CH*{k) = 

Since L is linear, there exists an open dense subset U C L such that f/ = A" 
for some n and L' = L — U is a linear variety of dimension less than that of L. 
Moreover, the localization sequence 

^ CH*{L', ■) ^ CH*{L, ■) ^ CH*{U, •) ^ 

is split exact (cf. [18j). In particular, this sequence remains exact after tensoring 
with CH*{Y, ■), and we get a diagram of localization exact sequences 

^ CH*{Y, ■)®CH*{L', ■) ^ CH*{Y, ■)®CH*{L, ■) ^ CH*{Y, ■)®CH*{U, ■) ^ 

> CH*{Y X L', •) — > CH*{Y X L, ■) — - — > CH*{Y x U, •) > ' 

where the tensor product in the top row is over the ring CH*{k). The left vertical 
arrow is an isomorphism by induction, and the right vertical arrow is an isomor- 
phism by the homotopy invariance. In particular, j* is surjective in all indices. 
We conclude that i^, is injective in all indices and the middle vertical arrow is an 
isomorphism. □ 

Recall that a connected and reductive group G over k is said to be split, if it 
contains a split maximal torus T over k such that G is given by a root datum 
relative to T. One knows that every connected and reductive group containing a 
split maximal torus is split (cf. Chapter XXII, Proposition 2.1]). In such a case, 
the normalizer of T in G and all its connected components are defined over k 
and the quotient N/T is the Weyl group W of the corresponding root datum. 

Lemma 3.7. Let G be a connected reductive group and let T be a split maximal 
torus of G contained in a Borel subgroup B. Put H = G/N , where N is the 
normalizer of T in G. Then any etale locally trivial H-fibration f : X ^ Y 
induces an isomorphism of higher Chow groups 

f* : CH*{Y,-) ^ CH*{X,-). 

Proof. We prove the lemma in several steps. In the first step, we show that the 
natural map 

(3.8) CH*{k,-) ^ CH*{H,-) 
is an isomorphism. 

Since is a closed subgroup of G defined over k, it follows from [SS*, Theo- 
rem 12.2.1] that the quotient H is defined over k. If W denotes the Weyl group of 
G, then the fibration sequence 

O^W ^ G/T ^0 

together with Corollary 18.31 give an isomorphism 

(3.9) CH*{H, ■) = {GH* {G/T, ■))^ . 
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Moreover, the characteristic filtration i?" = Uq ^ Ui ^ ■ ■ ■ ^ Un = {1} of the 
unipotent radical 5" of B (cf. proof of Theorem 13. 31) has the property that the map 
G/TUi G/TUi-i is a torsor for the vector group Ui-i/Ui for < i < n. The ho- 
motopy invariance then implies that the map CH* {G/TUi-i, ■) CH* {G/TUi, ■) 
is an isomorphism. Using this isomorphism for i = 0, - ■ ■ ,n,we get an isomorphism 



CH*{H, ■) = (CH* (G/T, ■))^ = (CH* (G/B, ■))' 
However, as G/i? is a linear variety, the natural map 

GH* (G/B, 0) ®qGH* {k, ■) ^ GH* {G/B, ■) 
is an isomorphism (cf. [IH])- In particular, we get 

GH*{H, ■) = {GH* {G/B, ■))^ = {GH* {G/B, 0))^®qGH* {k, ■) . 



{he. 



The proof of 13.81 now follows using the isomorphism {GH* {G/B,0)) 
cit.). 

Now we consider the case when X = Y x H and / is the projection map. Since 
G/T X Y is a. principal VT-bundle over H x Y = X , the same argument as above 
shows that there is an isomorphism 



)GH* {Y, •) = GH* {Y, ■) 



GH* {X, ■) = GH* {G/B X Y,t)^ = GH* {G/B, ■)^^cH*ik,-)^ 

where the second isomorphis m fo llows from Lemma 13.61 and the last isomorphism 
follows from 13.91 followed by 13.81 We finally prove the lemma by the Noetherian 
induction on Y. We can assume Y to be reduced. If Y is 0-dimensional, then the 
lemma follows from 13.81 So we assume that dim(y) > 1 and the lemma holds for 
when / is restricted to all proper closed subvarieties of Y. 

Since / is etale locally trivial, there is an etale cover n : Y' —>■ Y such that 
X' = X XyY' is isomorphic to H xY' and the pull-back of / to X' is the projection 
map /' : XxyY' Y'. Moreover, as vr is dominant and generically finite, there 
exists an open set U G Y such that nu : U' = 7r~^(f/) — f/ is finite and etale. 
Letting Xu = f~^{U), we thus get a fiber square 



X' 



Xj 



f'u 



fu 



where X[j = H xU' and is the projection map. Since tiu is finite etale and fi 
is smooth, we get a commutative diagram (cf. Proposition 12.21) 



GH* {U, ■) 

fu 



GH* {U', 

f'h 



71" (7* 



■^GH*{U,-) 

fu 



GH* {Xu, ■) GH* {X'^, ■) GH* {X, 
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and the projection formula implies that o vr^ and vrV* ° t^'u are both multipli- 
cation by the degree of ttu. On the other hand, we have just shown above that the 
middle vertical arrow is an isomorphism. Hence is also an isomorphism. 

Now we let Z = y — f/ and put Xz = f~^{Z). This gives the following commu- 
tative diagram of fibration sequences of cycle complexes. 

Z^Z,-)^Z^{Y,-)^ZHU,-) 



fz 



fu 



We have just now shown that /j} is a quasi-isomorphism. The left vertical arrow 
is a quasi-isomorphism by the Noetherian induction. We conclude that the middle 
vertical arrow is also a quasi-isomorphism. □ 

The following theorem is an analogue of a result of Merkurjev (cf. ^22|, Proposi- 
tion 8]) about the equivariant i^'-theory. However, this result for the equivariant 
higher Chow groups has an advantage over Merkurjev's theorem in that it holds for 
the action of any split reductive group (though with rational coefficients) whereas 
[22l Proposition 8] is known only for the groups whose derived subgroups are simply 
connected, e.g., GLnik). 

Theorem 3.8. Let G he a connected and split reductive group and let T he a split 
maximal torus of G. Then for any X G Vg, the natural map of S{T) -modules 

CH*a (X, ■) ^siG)S{T) ^ GH^ {X, ■) 

is an isomorphism. 

Proof. It is easy to see using the rules of the intersection product that the above 
map is 5'(T)-linear, where the 5'(T)-module structure on the left is given by the 
extension of scalars. So we only need to prove that this map is an isomorphism of 
abelian groups. Let denote the normalizer of T in G and let W = N/T be the 
Weyl group. If (V, U) is good pair for the action of G, then X^ — > Xq is an etale 
locally trivial G/iV-fibration. Hence it follows from Lemma [3.71 that the map 

(3.10) CH*a{X,-)-.GH*^iX,-) 

is an isomorphism. In particular, we have S{G) = S{N). Thus we only need to 
show that the natural map 

(3.11) GH*^ (X, ■) ®s(N)S{T) ^ GH^ {X, ■) 
is an isomorphism. 

We give the Weyl group W a reduced induced scheme structure and let r be the 
cardinality of W. Then GH* {W, 0) ^ GH* {k, Of ^ with a basis {ui, ■■■ ,Ur}. 
It suffices then to prove that if (V, U) is a good pair for the action of N such that 

it acts freely onY = XxU and ifY/T—^Y/N is the flat map, then the natural 
map 

(3.12) GH* {Y/N, ■) ®qGH* {W, 0) A GH* {Y/T, ■) 
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(ai, • • • , Or 



1=1 



is an isomorphism. For, this would imply that S{N)'^qCH* {W,0) — * S{T) and 

CH*^ {X, ■) ®QCif* {W, 0) = Cif* (X, ■). But the left term of this isomorphism is 
same as 

{CH*^ {X, ■) ^siN)S{N)) ®qCH* {W, 0) ^ CH*^ (X, ■) ^siN)S{T). 



In order to prove 13.121 let Z = Y/N and Z' = Y/T. Since Z' ^ Z is a principal 
ly-bundle, one has a fiber diagram 

Z' xW Z' 
f 

^Z 



This gives a commutative diagram 

CE* (Z, ■) ®CH* {W, o fftn* {Z', ■) ®CH* {W, of^'hR* {Z, ■) ^CH* {W, 0) 



CH* iZ' 



CH* (Z' X W, 



where the tensor product in the top row is over Q. The right (and the left) 



vertical map is given by /* (ai, 



S f*{ai) and so is the middle vertical 



map. Moreover, the composite horizontal arrows are identity. Hence /* is an 
isomorphism as it is a retract of the middle vertical arrow, which is clearly an 
isomorphism. This proves 13.121 and hence the theorem. □ 

Corollary 3.9. Let G be a connected and split reductive group and let T be a split 
maximal torus ofG with the Weyl group W . Then for any X G Vg, the restriction 
map Tj, induces an isomorphism 



CH*a{X,-)^{CH*{X,-)) 



w 



Proof. This follows directly by taking the Weyl group invariants on the both sides 



w 



of the isomorphism in Theorem l3.8l and then using the isomorphism S{G) = S{T) 
(cf. O Proposition 6]). □ 

We end this section with the following structure theorem for the equivariant 
higher Chow groups of a variety with the action of a diagonalizable group on which 
certain subgroup acts trivially. An analogous result for the equivariant i^'-theory 
for the torus action was proved by Thomason (cf. [291 Lemma 5.6]). 

Theorem 3.10. Let T be a split diagonalizable group and let X G Vt- Let H be a 

connected closed subgroup of T which acts trivially on X. Then there is a natural 
isomorphism 



CH^/H (X, ■) 0qS{H) ^ CH^ {X 
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Proof. Put T' = T/H. Since if is a torus, we can choose a decomposition (not 
necessarily canonical) T = H xT' . Fix an integer j > and let {V, U) and {V, U') 
be good pairs for the actions of H and T' respectively corresponding to j as in [71 
Example 3.1]. Thus f/ is a product of punctured afiine spaces and U/H = [F^Y 
for some n ^ 0, where r = rank(ii). Then {Vt,Ut) with Vt = V x V and 
Ut = U X U', is a good pair for j for the action of T. Note that Cif^ {X, ■) does 
not depend on the choice of the decomposition of T since it does not depend on 
the choice of the good pair (Vr, Ut)- Now we have 

Xt = {X xU X U') /{H X T') = {X X U') x U/H = Xt' x (P")^ 

where the second equality holds since H acts trivially on X x U' and the third 
equality holds because T' acts trivially on U. We now apply the projective bundle 
formula for the non-equivariant higher Chow groups to conclude that the map 

CH^ {XT', ■) 0qCH'^ ((P")^ 0) ^ CW (Xt, ■) 

p+q=j 

is an isomorphism. However, CH^{Xt',-) = CHI^,{X,-) for all p < j and 
CW {Xt, ■) = CHl (X, ■). This finishes the proof. □ 

4. Completions Of Equivariant Higher Chow Groups 
Let G be a linear algebraic group. Recall that the Chow ring S{G) of G is the 

oo . 

,;2,r;i(l('(l ring Cii^(A;,0) =0 CH^ {k,0), and S{G) is the J^-adic completion of 

j=0 

S{G), where Jg is the augmentation ideal of cycles of positive codimension. For 
X e Vg, we can define various completions of the graded S'(G')-module GHq {X, ■). 
Our objective in this section is to analyze the relation between these completions. 
Our main ingredient for this analysis is the following general algebraic result. 

oo 

Let Ro be a commutative Noetherian ring and let R =0 Rj be a finitely 

j=0 

oo 

generated graded Ro-algehia. Let / =0 Rj be the irrelevant ideal of R. Let 

oo 

M =0 Mj be a graded i?-module which need not be finitely generated. Put 

j=0 
oo 

=0 Mj for i > 0. Then M' defines a filtration of M by i?-submodules. We 

j=i 

shall call this the filtration of M by grading. Let R be the /-adic completion of R. 
Associated to M, we define the following three modules. 

M = M®rR {the weak completion of M) 
M = Mj {the I — adic completion of M) 
M = the completion defined by the filtration M' 
{the graded completion ofM). 
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^ oo 

Note that M is an i?-submodule of the product J| M/ M* and the natural map 

1=0 

oo oo 

(4.1) J] M, -^11 M/M' 

i=0 1=0 

{rrii) ^ {{mo, ■ ■ ■ ,mi_i)) 

oo 

identifies Yl with M. Moreover, the map M — > M is the natural embedding 

i=0 

of the direct sum into the direct product. All the above completions of M are 
i?-modules and there are natural maps 

(4.2) M > M :— ^ M — -% M, 



V'M 



where 0m and Qu (hence their composite ■^m) are i?-linear. 
Proposition 4.1. For the graded ring R, the following hold. 

(i) The graded completion is an exact functor on the category of graded R-modules. 

{a) (pM is an isomorphism if M is finitely generated graded R-module. 

{Hi) 9m is an isomorphism if M is generated as R-module by a (possibly infinite) 

set S of homogeneous elements of bounded degree. 

{iv) ipM (hence 4>m ) is injective for any graded R-module M. 

{v) ipM need not be surjective for any graded R-module M. 

Proof. To prove {i), we note that a sequence 

0^ M' ^ M ^ M" ^0 
of graded i?-linear maps is exact if and only if 

0^ Mj^ Mj M/ ^ 

is exact sequence of i?o-niodules for every j > 0. Equivalently, the sequence 

oo oo oo 

j=0 j=0 3=0 

is exact, which proves (i). The part {ii) is obvious since R is Noetherian. 

For {Hi), it suffices to show that the J-adic filtration and the filtration by grading 
give the same topology on M . We already have PM C M* for every i > 0. So we 
need to prove that for given n > 1, one has M* C /"M for all ? ^ 0. Since R is 
a finitely generated i?o-algebra, we can assume that there exists a finite set T of 
homogeneous elements of positive degree in R which generate R as an i?o-algebra. 
Let A'^ denote the maximum of the bounded degrees of the sets S and T, and the 
cardinahty of T. It suffices then to show that 

(4.3) M' C 7"M for i > N' ^ {N^n + 1)N. 
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So let m G Mj with j > i > N' and write m = E a„m„ with deg(mtj) < N. 

Then for every u, we must have j = deg(au) + deg(mu) > A^', which imphes that 
deg(a„) > A^' - deg(m„) > A^' - = N^n. This shows that 

Thus it suffices to show that R> C in order to prove 14.31 So let a G Rj with 

r 

j > A^^n and write a = a'^ ■ ■ ■ a*'' with G T. We need to show that tu > n 

u=l 

(which would imply that a G /"). However, otherwise we would get 
N^n < j = S deg(a„)t„ < h Nn < N'^n, 

u=l u=l 

which is absurd. This proves {iii). 

To prove (iv), let M be a graded i?-module. Then there exists a direct system 

{Mx} of finitely generated graded i?-submodules of M such that limM^ ^ M, 

A 

which in turn gives lim (Mx®rR] ^ M®rR. This gives us a commutative dia- 
gram 

1 

'a' ^ ' A 



lim {Mx®rR^ > limMA 



M®rR >M. 

The top horizontal arrow is an isomorphism by the parts {ii) and {Hi) of the 
proposition. We have just seen that the left vertical arrow is an isomorphism. The 
right vertical arrow is injective by using the exactness of the graded completion 
and the direct limit functors, plus the fact that each M\ ^ M. Hence the bottom 
horizontal arrow must be injective. 



oo 



To see (f), take M = R . Then it is easy to check that ^^^=(11-^^1 whereas 



M = Y[ Rj^- Hence ■j/'m is not surjective. □ 



N 

n 

j=0 

We nee d a few intermediate results before we give our ffist application of Propo- 
sition 14.11 to the equivariant higher Chow groups. 

Lemma 4.2. Let G be a linear algebraic group over k such that the unipotent 
radical RuG is defined over k. Let L = G/R^G be the reductive quotient of G. 

Then there are natural isomorphisms R{L) ^ R{G) and S{L) ^ S{G). 

Proof. Since RuG is defined over k, it follows from [251 Corollary 12.2.2] that the 
reductive quotient L is also defined over k. Let V be an irreducible representation 
of G. Then the fixed point theorem (cf. [T7l Theorem 17.5]) implies that if 
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the unipotent radical RuG acts non-trivially on V, then the invariance subspace 
W G V is non-zero. Moreover, W is then G-invariant which contradicts the 
irreducibihty of V. We conclude that RuG acts trivially on V. Since R{G) is a 
free abelian group on the set of irreducible representations of G, we see that the 
map R{L) R{G) must be an isomorphism. 

For proving the corresponding isomorphism of the Chow rings, we fix any j > 
and choose good pairs (Vi, Ui) and (V2, 1/2) for G and L respectively, and let G act 
on = Vi©V2 diagonally where it acts on V2 via L. Then (Vi x V2, t/i x U2) is a good 
pair for G. Moreover, the G-equivariant projection map t/i x f/2 — > U2 induces the 
map on quotients (t/i x U2)/G U2/G = U2/L. This gives the pull-back map on 

Chow groups CHi{k,i) = CW {U2/L,i) CW {{Ui x U2)/G,i) = 

This gives the natural map S{L) S{G). To show that this is an isomorphism, we 

use the isomorphism R{L) ^ R{G) shown above and the following commutative 
diagram of completions (cf. [6l Lemma 3.2]). 

RiL)^UCHm^SiL) 



r(g) >UCHm< S{L) 

The horizontal arrows in the left square are ring isomorphisms by Theorem 11.11 
and we have shown above that the left vertical arrow is an isomorphism of rings. 
Thus the middle vertical arrow is also an isomorphism. The horizontal arrows in 
the right square are clearly injective. We conclude from this that the right vertical 
arrow is injective. On the other hand, the isomorphism of the middle vertical 

arrow and the natural surjection YlCHQ{k) CH-Qik) implies that the map 

i>o 

CH-[{k) CHQ^k) is surjective for each j > and hence, the map S{L) S{G) 
is also surjective and consequently an isomorphism. □ 

Remark 4.3. We remark here that isomorphism of S{L) S{G) in characteristic 
zero follows directly from Proposition 13.41 The above indirect argument is given to 
take care of the positive characteristic case when G might not have Levi subgroups. 

Lemma 4.4. Let G be a linear algebraic group acting on a quasi-projective variety 
X over k. Let l/k be a finite extension of k and let CHq {Xi,i) denote the equi- 
variant higher Chow groups for the action of the group Gi on Xi . Then there are 
natural maps CHQ{X,i) CHq {Xi,i) — > CHq^X,!) such that the composite 
map is multiplication by the degree [I : k] of the field extension. 

Proof. Fix j > and let (V, U) be a good pair for the G-action corresponding to 
j. Since the map U ^ f//G is a principal G-bundle of quasi-projective fc-schemes, 
we see that Ui {U /G)i is a principal Grbundle. In particular, (V/, Ui) is a good 
pair for the G^-action. Similarly, the principal G-bundle X xU ^ Xq implies that 
XiXiUi — s> {Xg)i is a principal Grbundle, which shows that the mixed quotient 
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Gi 

Xi X Ui is isomorphic to (X^)^. Using this, we get 

(4.4) CHI, {Xi, t) = CW (^Xi 5 = CW ((Xg)„ i) . 

Let TT : {Xg)i —>■ Xq denote the natural finite map. Then the fiatness of vr imphes 

that there are pull-back and push-forward maps CH^ {Xg, i) — > CH^ {{Xg)i, i) — ^ 
CH^ (Xci) such that vr^, o vr* is multiplication by [/ : k] by [2, Corollary 1.4]. The 
proof is completed by combining this with the isomorphism in 14.41 □ 

Remark 4.5. It is easy to see from the above proof that if //A; is a Galois extension 
in Lemma then CHq (X, i) is in fact the Galois invariant of CHq {Xi, i) under 
TT* and vr* is just the trace map. This follows for example, from [111 Lemma 8.4] 
and the non-equivariant Riemann-Roch isomorphism of [2]. 

We next present the following two elementary results in commutative algebra 
which are useful in describing when a subring of a Noetherian ring is also Noe- 
therian. Recall that if i? is a commutative ring containing a subring A, then one 
says that A is a pure subring of B, if for any A-module M, the natural map 
M — > M®aB is injective. One example of pure subrings which often occurs is the 
case when A is a retract of B as an A-module. It is known that pure subrings share 
many good properties of the ambient ring. We mention here one such property 
that will be useful in this paper. 

Lemma 4.6. Let R he a Noetherian ring, B a finitely generated R-algebra, and A 
a pure R-suhalgehra of B. Then A is finitely generated over R. 

Proof. Cf. [m Theorem 1]. □ 

Lemma 4.7. Let R G S be an inclusion of commutative rings such that R is 
Noetherian and S is finitely generated as R-algebra. Let G be a finite group of 
R-algebra automorphisms of S. Then the ring of invariants is also a finitely 
generated R-algebra, and hence Noetherian. 

Proof. By ^ Proposition 7.8], one only needs to show that S is integral over 
So let s e 5* and put 

/(.)=n(^-^(^))- 

o-GG 

Then f{s) is clearly zero (take cr = 1 on the right). On the other hand, it is easy 
to see that /(s) is a monic polynomial in s of degree equal to the cardinality of G 
and with coefficients in S*^. □ 

Let G be a linear algebraic group over k and let X G Vg- In the rest of this paper, 
we shall follow the notations for the various completions defined in the beginning 
of this section for the ring S{G) and the graded S'(G')-module CHq (X, ■). 

Corollary 4.8. Let G and X G Vg be as above. Then the natural maps of S{G)- 
modules 

CH*^, ■) ^ CHf(x, ■) and 
CH*^, ■) ^ CH*Q (X, ■) 
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are injective. 

Proof. By Proposition 14.11 we only need to show that S{G) is a finitely gener- 
ated Q (= 5'(G)o)-algebra. Now, there is a finite extension l/k such that all the 
connected components of algebraic group Gi are defined over /, the identity com- 
ponent is split and its unipotent radical Ru is also defined and split over 
I. By applying Lemma [4.41 to X = Spec(fc), we see that there are pull-back and 
push-forward maps S{G) — > S{Gi) S{G) such that the composite map is mul- 
tiplication by the degree [/ : k]. Moreover, the commutativity of the intersection 
product with the pull-back, and the projection formula (cf. Proposition 12. 2p show 
that these maps are S'(G)-hnear. We conclude that S{G) is a retract of S{Gi) as 
an S'(G')-module, and hence a pure Q-subalgebra. By Lemma 14. 6[ it suffices to 
show that S{Gi) is a finitely generated Q-algebra. Hence we can assume that G 
has all the propert ies d escribed in t he b eginning of the proof. 

Using Co rollary 18.31 and Lemma 14.71 we can assume that G is connected. By 
Lemma [4.2[ we c an fu rther assu me th at G is reductive. Since G is split, we can 
now use Corollary 13.91 and Lemma 14.71 once again to reduce to the case when G is a 
split torus. But then S{G) is known to be a finitely generated polynomial algebra 
over Q. □ 

5. COHOMOLOGICAL RIGIDITY AnD SPECIALIZATIONS 

Let G be a split diagonalizable group over k acting on a smooth variety X. Recall 
(cf. [25l 13.2.5]) that all the diagonalizable subgroups of G are defined and split 
over k. The equivariant i^-theory of X for the G-action was studied by Vezzosi 
and Vistoli in [31]. Their main result (Theorem 1) is to show how to reconstruct 
the i^-theory ring of X in terms of the equivariant /^-theory of the loci where the 
stabilizers have constant dimension. In the next two sections, we use the ideas of 
Vezzosi- Vistoli to prove an analogous decomposition theorem for the equivariant 
higher Chow groups of X for the G-action. This theorem and its compatibility 
with the corresponding result for i^-theory will be crucial in the proof of the main 
results of this paper. Like in the case of i^'-theory (ioc. cit.), this decomposition 
can also be used to compute the equivariant higher Chow groups of many varieties 
with an action of the group G such as the toric varieties. This section is concerned 
with the study of cohomological rigidity and the construction of the specialization 
maps in equivariant higher Chow groups. For the rest of this section and the next, 
the group G will always denote a split diagonalizable group and the varieties will 
be assumed to be smooth with G-action. We have seen (cf. Proposition 12.21) that 
for such a variety X, CHq {X, ■) is a bigraged ring which is an algebra over the 
ring GHq {k, ■). We denote the full equivariant Chow ring ^ CHq {X, i) of X in 

short by CH^{X). 

5.1. Cohomological rigidity. 

Definition 5.1. Let Y G X he a smooth and G-invariant closed subvariety of 
codimension d > 1 and let Ny/x denote the normal bundle of F in X. We say 

that Y is cohomologically rigid inside X if c^ [Ny/x) is a not a zero-divisor in the 
ring CH^iY). 
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As one observes, this definition has any reasonable meaning only in the equi- 
variant setting, since every element of positive degree in the non-equivariant Chow 
ring is nilpotent. The importance of coho mo logical rigidity for the equivariant 
higher Chow groups comes from the following analogue of the i^-theory splitting 
theorem (Proposition 4.3) of loc. cit.. 

Proposition 5.2. Let Y be a smooth and G-invariant closed subvariety of X of 
codimension d > 1. Assume that Y is cohomologically rigid inside X, and put 

i j 

U = X — Y . Let Y ^ X and U ^ X be the inclusion maps. Then 
(i) The localization sequence 

CH*c{Y) ^ CH^{X) ^ CH*a{U) ^ 

is exact. 

(a) The restriction ring homomorphisms 

CH^{X) CH*c{Y) X CH^{U) 
give an isomorphism of rings 

CH*g{X) ^ CH*g{Y) X CH*a{U), 

CH^AY) 

where CI^(Y) = CH^{Y)/{c^ {Ny/x)), and the maps 

CH*a{Y) -> CHUy), CH*a{U) ^ CH*^Y) 
are respectively, the natural surjection and the map 

which is well-defined by Corollaru \2.6[ . 

Proof. The part (i) follows directly from Corollary 12.61 and the definition of co- 
homological rigidity. Since i* and j* are ring homomorphisms, the proof of the 
second part follows directly from the first part and [loc. cit., Lemma 4.4]. □ 

To apply the above result in our context, we need to have some sufficient con- 
ditions for checking the cohomological rigidity in specific examples. We first have 
the following elementary result. 

Lemma 5.3. Let A be a ring which is a Q-algebra. Then an element of the form , 

r 

where t = ajti^ G A[ti, ■ ■ ■ is not a zero- divisor for every d> 1, whenever 
Qj G Q for all j and aj ^ for some j . 

Proof. We can assume that aj 7^ Vj. We prove by induction on n. For n = 1, it 

is obvious. So we assume that the lemma holds for all n' < n — 1 and n > 2. 

If r = 1, then also the lemma is again obvious. So we assume r > 2. Let 
t = (ti, ■ ■ ■ ,tn), and let f{t) = fo{t) + • • • + fp{t) be a polynomial such that 
each fi is homogeneous of degree di such that < do < ■ ■ ■ < dp. If /(t) 7^ 
and t'^f{t) = 0, then using the fact that is homogeneous, it is easy to see that 
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f^fqi^t) = 0, where dg is the largest integer such that fg ^ 0. Thus we can assume 
that f{t) 7^ is homogeneous of degree, say p. 

Let f{t) = bifi + ■ ■ ■ + bmfm be the unique representation of f(t) as an A- 
hnear combination of hnearly independent monomials /j's of homogeneous degree 
p. Let s > be the largest integer such that divides each Then t'^f{t) = 
tHl ipifi + ■ ■ ■ + bmfm), where some /j, say f[ is not divisible by ti. Now by r = 1 

m 

case, f^fit) = implies that f^f'it) = 0, where f'{t) = S bjf:. For any element 

j=i 

g & A[ti, ■■■ ,tn], let g denote its image in the quotient A[t2, - ■ ■ ,tn]- Then we get 
= in A[t2, ■ ■ ■ ,tn]- However, r > 2 implies that t 7^ and f'l 7^ by our 
choice. By induction on n, this leads to a contradiction. □ 

Proposition 5.4. Let G be a split diagonalizable group acting on a smooth variety 
X and let E be a G-equivariant vector bundle of rank d on X. Assume that there 
is a subtorus T G G of positive rank which acts trivially on X, such that in the 
eigenspace decomposition of E with respect to T, the submodule corresponding to 
the trivial character is zero. Then c^{E) is not a zero-divisor in GHq {X). 

Proof. By |29l Lemma 5.6], E has a unique direct sum decomposition 

r 
i=l 

where we choose a splitting G = D x T, and E~^.^s are D-bundles and Xj's are 
1-dimensional representations of T. This decomposition is via the functor 

Bun^ X Rep(T) Bun^ 

iF,p)^PliF)(g)p;ip), 

where pi : D x T D and p2 : D x T ^ T are the projections. 

r 

Since rank(£') = d, we have by the Whitney sum formula, c^{E) =11 (-^Xi®Xj)) 

where di = rank(£'i). Thus we can assume that E = E^®x-, where x is not a trivial 
character by our assumption. In particular, if is the corresponding line bundle 
in Picr(A;), then 

(5.1) cf (L^) = t = h mti e Q[ti, ■■■ M 

i=l 

with rij 7^ for some i. By neglecting those i for which the coefficients nj's are 
zero, we can assume that 7^ Vi. Now we have 

c^iE) = c<i{p\{E^)®pl{L^)) 

= ^^ctMiE^)) ■ {cnpi{L^))y 

= ^§^Pl{cldE^))-P2{{cJ{L^)Y) 
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where G CH*^ (X) and (E) e Ci/^ (X) ^ Ci/^ (X) ®^(T) (cf. Theo- 
rem [3]T0]) and the second equahty holds by pTl Remark 3.2.3]. Furthermore, one 

has ad = p*i (c^ (E^)) = 1. Thus we get (E) = t'^+ad-it'^~'^-\ hait+ao = 9{t)- 

We need to show that g(t) is not a zero divisor in CH^ (X) [ti, ■ ■ ■ So 
suppose /(t) is a non-zero polynomial such that g(t)f(t) = 0, and let f'{t) be the 
homogeneous part of f{t) of largest degree which is not zero. By comparing the 
homogeneous parts, it is easy to see that g{t)f{t) = only if t^f'{t) = 0. But this 
is a contradiction since t satisfies the condition of Lemma 15.31 by I5. H and hence is 
not a zero- divisor. □ 

Let G be a split diagonalizable group as above and let X G Vj. Following the 
notations of for any s > 0, we let X<s C X be the open subset of points whose 
stabilizers have dimension at most s. We shall often write X<s_i also as X^^. Let 
Xg = X<s — X^s denote the locally closed subset of X, where the stabilizers have 
dimension exactly s. We think of X^ as a subspace of X with the reduced induced 
structure. It is clear that X<s and X^ are G-invariant subspaces of X. Let Ng 
denote the normal bundle of X^ in X<s, and let denote the complement of 
the 0-section in Ng. Then G clearly acts on Ng. The following result of loc. cit. 
describes some properties of these subspaces which will be useful to us in what 
follows. 

Proposition 5.5 ([Hj). Let s be non-zero integer. 

(i) There exists a finite number of s-dimensional subtori Ti, ■ ■ ■ ,Tr in G such that 
Xg is the disjoint union of the fixed point spaces X<^^ . 

(ii) Xg is smooth locally closed subvariety of X. 
(m) XO = (X,)<,. 

Proof. See [loc. cit., Proposition 2.2]. □ 

Remark 5.6. We mention here that although the above proposition has been stated 
for the smooth varieties, the part (i) of the proposition holds also when X is 
not necessarily smooth, since the proof only uses Thomason's generic etale slice 
theorem [27l Proposition 4.10] which holds very generally. 

We have the following important application of Proposition 15.41 

Corollary 5.7. For s > 1, X^ is cohomologically rigid inside X<g. 

Proof. Let dg be the codimension of Xg in X<s. We need to show that cf_^(Xs) is 
not a zero-divisor in CHQ{Xg). By Proposition 15. 4[ it suffices to show that there 
exists a subtorus T in G of positive rank which acts trivially on X^, such that in the 
eigenspace decomposition of Ng with respect to T, the submodule corresponding 
to the trivial character is zero. But this follows directly from the parts [i] and {iii) 
of Proposition 15.51 and the fact that s > 1 (see [loc. cit., Proposition 4.6]). □ 

5.2. Specialization maps. Let G and X be as above, and let n be the dimen- 
sion of G. As seen above, there is a filtration of X by G-invariant open subsets 
= X<_i C X<o C ■ ■ ■ C X<„ = X. In particular, G acts on X<o with finite 
stabilizers, and the toral component of G acts trivially on X„. We fix 1 < s < n 

fs 9s 

and let X^ ^ X<g and X<s ^ X<g denote the closed and the open embeddings 
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respectively. Let vr : Ms be the deformation to the normal cone for the 

embedding fs as in Section 2. We have already observed there that for the trivial 
actio n of G on P^, Mg has a natural G-action. Moreover, the deformation dia- 
gram 12.31 is a diagram of smooth G-spaces. For < t < s, we shall often denote 
the open subspace (Ms)<j of Mg by M^^^t. The terms like ^ and <t (and also 

for Ng) will have similar meaning in what follows. Since G acts trivially on P^, it 
acts on Ms fiberwise, and one has A^^ = 7r~^(oo) and 

(5.2) Ms^<tnNs = Ns^<t; Mg^t H Ng = Ng^f 

(5.3) Mg^<t n n-\A^) = X<t x A^; M,,t n 7r"i(A^) = x 

(5.4) M,,<4 n 7r-i(cx)) = Ng^^t] M,,^ n 'r-\oo) = Ng^f 

is,<t -I js,<t 

Let Ng^^t "-^ ^s,<t and X<t x A > ^s,<t denote the obvious closed and open 

Tjs t ^s,t 

embeddings. We define ig^t and jg^t similarly. Let Ng^t ^s,<t and Mg^t ^s,<t 
denote the other closed embeddings. One has a commutative diagram 

(5.5) X<t X<t X A^'-^ Mg^<t 

fs,<t 

X<g -^'X<g X Ai — — > Mg > X<g X pi > X<g, 



where g<t is the 0-section embedding, and the composite of all the maps in the 
bottom row is identity. This gives us the following diagram of equivariant higher 
Chow groups, where all squares commute (cf. Proposition 12. 2p . 



(5.6) CH*a (Ng^t) 



GH*c{K 



> CH*a (Xt X A^) 



9't 



CH*a (X,) 



s,<t 



GH^ (M, 



s,<t 



•^S,<t 

— ^CHq [Xs^<t 



X 



GH*a {X, 



<t 



Since the last horizontal maps in both rows are natural isomorphisms by the ho- 
motopy invariance, we shall often identify the last two terms in both rows and use 
j*<( and (j<i,<t o g^^)* interchangeably. 

Theorem 5.8. The maps jg and j* are surjective and there are ring homomor- 
phisms 

S^Z : GH*^ (X<0 ^ GH*^ (iV,,<,) ; 



Sp^^g : GH*a (X,) ^ GH*a (X,,) 
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such that i* 
the diagram 



-<t 



<t 



s ° Js,<t 

and i*, = Spx. ° j*s,f Moreover, both the squares in 



(5.7) 



CH*a (X<,) 
CH*c (iV,,<i) 



ft. 



CH^ {X. 



<t 



SPx,s 



CH*a (iV,,) ^ CH*a {K 



s,<t 



commute. 



Proof. Using the results of this section and the previous ones, one can prove this 
theorem along the lines of the proof of the analogous result [ioc. cit., Theorem 3.2] 
for ii'-theory as given in [35]. However, it is not at all clear from the construction 
of the specialization maps in [35] that these maps have good functorial properties, 
and if they are ring homomorphisms. In particular, it is not clear if these maps 
will have the compatibility properties with the Chern character and Riemann- 
Roch maps from the equivariant i^-groups to higher Chow groups. We give here 
a more direct and functorial construction of the specialization maps, which works 
both for the i^'-theory as well as the higher Chow groups, and the proof of various 
compatibilities of these maps then becomes essentially obvious. We give here the 
construction of these maps for the higher Chow groups. The same construction 

works also for the ii'-theory w itho ut any change. 

First of all, using Corollary 15.71 and Proposition 15.21 we see that for 1 < s < n 
and < t < s, the map CHq (X<s) CHq {X<t) is surjective. We now consider 
the commutative diagram 



CH*c (M,) CH*c (X<,) 



Since the composite map in the bottom row of I5.5l is identity, we see by the homo- 
topy invariance that is surjective. Thus is also surjective. Applying this 
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surjectivity for and j* we obtain the following commutative diagram 
(5.8) 



^ CH*a {N, 



S,<t 



CH^ (M 



3s,<t 



s,<t 



CH^ (X, 



-^0 



> CiJa (iVs,<t-i)'^*CiJa (k,<t-i/^ CH*a (X<t_i) > 















such that the second and the third rows are exact. All the columns are exact by 
Corollary 15.71 and Proposition 15.21 We conclude that the localization sequence of 
the top row is also ex act. This proves the surjectivity part of the theorem. 

Next we note from 15.2] that Ns,<t and Ns^t are the principal Cartier divisors on 
Ms <_t and Mg t respectively. We conclude from Theorem 12.51 that the composites 



ig <j o is,<t^ and J o are zero. The above diagram now automatically defines 

the specializations Sp^ ^ and Spx s 

J. Since i*^ and j*^ are ring homomorphisms, and since the latter is surjective as 

-<t 



and gives the desired factorization of i* <j and 



shown in 15. 8[ we deduce that Spx s is also a ring homomorphism. The map Spx s 

is a ring homomorphism for the same reason. 

We are now left with the proof of the commutativity of 15.71 To prove that the 
right square commutes, we consider the following diagram. 



(5.9) 



CH*c (M 



CH}. (X, 




CH*(j (M 



s,<t 



CH*a (X,, 




CH^ (X 



It is easy to check that X^ <i and j are Tor-independent over Ms^<t and hence 
the back face of the abov e diagram commutes by Lemma 15.91 The upper face 
commutes by diagram |5.8[ Since j*^ is surjective, a diagram chase shows that the 
lower face also commutes, which is what we needed to prove. 

Finally, since we have shown that r/^,** is injective, and the right square com- 
mutes, it now suffices to show that the composite square in 15.71 commutes in order 
to show that the left square commutes. 
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By the projection formula, the composite maps /t^ o /* and rjs^t^ °Vst multi- 

phcation by and ?7s,t^(l) respectively. Since 5*^^*^ and Sp^x s ™S homo- 

morphisms, it suffices to show that 

But this follows directly from the commutativity of the right square. □ 
Lemma 5.9. Let G be a linear algebraic group and let 

j' 3 

be a fiber diagram of closed immersions of G-varieties such that X and Y are 
smooth. Then one has i* o = j\ o i'* : Cif* (F, ■) ^ Cif* {Z, ■). 

Proof. By choosing a good pair {V, U) for the G-action and then considering the 
appropriate mixed quotients, we can reduce to proving the lemma for the non- 
equivariant higher Chow groups. But this is shown in Lemma [2.31 □ 

6. Decomposition Theorem For Equivariant Higher Chow Groups 

We use the specialization maps to prove a decomposition theorem for the equi- 
variant higher Chow groups of X e Vj, where G is a split diagonalizable group. 
We continue with the notations of the previous section. 

Proposition 6.1. The restriction maps 

CH*^ (X<,) ^^-^^ GH*^ (X,) X GH*c (X<,) 
define an isomorphism of rings 

GH*a (X<,) ^ GH*G (X,) x GH*a (X<,) , 

where GH^ (X,) CH^ (X°) zs the pull-back 

GH*a (X,) ^ GH*a (X,) ^ GH*a (X°) 

and 

GH*a (X<,) ''-^ GH*a (X,,<,_i) = GH*a (X°) 
is the specialization map of Theorem \5.8\ . 
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Proof. We only need to identify t he p ull-back and the specialization maps with the 
appropriate maps of Proposition 15.21 In the diagram 



> CH*^ (X 




-^0 



where fg^oo '■ ^ is the 0-section embedding, the top sequence is exact, and 
the lower triangle commutes by Corollary I2.6[ Since f*^ is an isomorphism, this 
immediately identifies the pull-back map of the proposition with the quotient map 

Next we consider the following diagram. 



CH*a {X. 




CH*a (X, 



Since the top horizontal arrow in the above diagram is surjective, we only need 

<s— 1 <s— 1 

to show that Spx s ° fs<s-i = Vs<s-i ° fs order to identify Spx s with the 
map j* of Proposition 15. 2[ It is clear from the diagram 15.81 and the definition of 
the specialization maps that the top square above commutes. We have just shown 
above that the lower triangle also commutes. This reduces us to showing that 



(6.1) 



/loo ° Sp 



X,! 



If X, X pi Ms denotes the embedding (cf. EJl), then for x E CH^ (X<,) 
can write x = j^s{y) by Theorem 15. 8[ Then 



we 



-<s 



floo° Spx,s°3<s{y) = /. 



s,oo 



F:iy) 



where the second inequality follows from Lemma 15. 9[ This proves 16.11 and the 
proposition. □ 

We need the following algebraic result before we prove the main result of this 
section. Let A be a Q-algebra (not necessarily commutative). For any linear form 

n 

/(t) = S Giti in A[ti, ■ ■ ■ ,tn] such that G Q for each i, let c(/) denote the vector 

i=l 

(ai, ■ ■ ■ , Qn) G Q" consisting of the coefficients of the form /. 
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Lemma 6.2. Let A be as above and let S = {/i, • ■ ■ , fs} be a set of linear forms 
in A[ti, ■ ■ ■ ,tn] such that the vectors {c(/i), ■ ■ ■ , c(/s)} are linearly independent in 
Q". Let 

such that m^, G Q* for 1 < j < s, and m'-i G Z{A) for all . Then one has 



(71 ■■■7s) =n (7i) 



as ideals in A[ti, - ■ ■ , t„j 



Proof. Using a simple induction, it suffices to show that for j ^ j', the relation 
■Jjlqjj' implies that 7j|g. So we can assume S = {/i,/2}- Extend {c(/i), c(/2)} to 
a basis B of Q". Applying the linear automorphism of A[ti, ■ ■ ■ ,t„] given by the 
invertible matrix B, we can assume that fj = tj for j = 1,2. Now the proof follows 
along the same lines as the proof of Lemma 4.9 of [34j. We skip the details. □ 

Theorem 6.3. Let G be a split diagonalizable group of dimension n and let X G 
Vq. The ring homomorphism 

n 

CH*a (X) (Xs) 

s=0 

is injective. Moreover, its image consists of the n-tuples (a^) in the product with 
the property that for each s = I,-- - ,n, the pull-back of ag G CHq{Xs) in 

CHq{Ns^s-i) is same as Spx s {(^s-i) ^ CH^ (Ngs-i)- In other words, there is 
a ring isomorphism 

CH*a{X)^CH*a{Xn) x C^f^ (X„_i) x ■■■ x CH*a{Xo) 

Proof. We prove by the induction on the largest integer s such that Xg ^ 0. 
If s = 0, there is nothing to prove. If s > 0, we have by induction 

(6.2) CH*a{X..,)-^CH*a{X,_^) x ■■• x CH*a{Xo). 

Using this and Proposition 16. it suffices to show that if ag G CHq (Xg) and if 
a<s G CHq (X^s) with the restriction ag^i G CHq (Xs„i) are such that 
«o G CH*Q (iV") and ^ G CH*q (iV,_i,,_2), then 

SPx'^s ^ ("<s) = «s iff Spx^l (ois-i) = as,s-i- 



Using the commutativity of the left square in Theorem 15. 8[ this is reduced to 
showing that the restriction map CHq (Ng) — CHq {Ns-i^s-2) is injective. 

To prove this, we ffist use Proposition 15.51 to assume that the toral component T 
of the isotropy groups of the points of X^ is fixed, and choose a sphtting G = D xT. 
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Now, following the proof of the analogous result for K-theory (cf. [Ml Theo- 
rem 4.5]), we can write 



N, = E=^Ei and Ns,s-i = ]Je^. 



1=1 



where each Ei is of the form ^Em^^ '^rrijXi, such that for i ^ j, Xi and Xj are 

linearly independent characters of T, and Ef is embedded in E by setting all the 
other components equal to zero. Let di = Ta.nk{Ei). 
Now we see from Proposition 16.11 that 

Ker {CH*^ (X,) CH*^ (iV,,,_i)) = fj (cg(E,)) and 

i 

Ker {CH*a (X,) ^ CH*^ (iVf)) = {cl{N,)) with 4 = Sd,. 
Putting 7j = c^.{Ei) and 7 = cf^(A^s), we are then reduced to showing that 

(6.3) (7) = = n (7.) 

in CH},{X,)[t^,--- 

However, we have seen in the proof of Proposition 15.41 that each 7j is of the form 

7. = + o^^^_^Ui'^^~^ + ■■■ + a\ui + ai, 

where a] E CH}j{Xs,0) C Z{CH}){Xs)) and Ui = {L^J = b^tj ^ in 



I,-- - ,ts]. Moreover, the linear independence of Xi's implies that the vectors 
{c(mi), ■ ■ ■ , c{ug)} are linearly independent. We now apply Lemma [6^2] to conclude 
the proof of 16.31 and hence the theorem. □ 

7. Equivariant Chern Character And Riemann-Roch Maps 

The equivariant Riemann-Roch map for the Grothendieck group of equivariant 
coherent sheaves on a variety has been constructed by Edidin and Graham in [6J. In 
this section, we construct these maps for the higher equivariant ii'-theory and study 
their properties. Following the techniques of Gillet (cf. jT2]) for the construction 
of the Riemann-Roch maps, we first define the equivariant Chern character map 
for the smooth varieties, and then use this Chern character to define the Riemann- 
Roch for all varieties. Recall from Section 1 that for any G-variety X, Gf{X) 
denotes the Jc-adic completion of the i?(G)-module Gf{X), where Iq is the ideal 
of virtual representations of G of rank zero in the representation ring R{G). We 
shall follow the notations of Section 4 for the various completions of R{G) and 

S'(G')-modules in the rest of this paper. In particular, Kf^{X) will denote the 
weak completion Kf {X)®r(^g)R{G)- For a map f : Y ^ X m. Vg, we make the 
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convention in this paper that the induced pull-back (or push-forward) map on K- 
theory will be denoted by /* (/*), and the map on the higher Chow groups will be 
denoted by /* (/*). 

Proposition 7.1. Let G he a linear algebraic group and let X E Vq. Then for 
every i>0, there is a Chern character map 

ch^ : K^{X) HCH^a {X, = CH*a{X,t) 
j 

with the following properties. 

is a contravariant functor from Vq to Vccq . 
{ii) For a G Kq{X) and x G K^{X), one has ch^{ax) = ch^{a) ■ ch^{x), where 

the CHq (X, 0) -module structure on CHq (X, i) is induced by the intersection prod- 
uct. 

{Hi) chx fo-ctors through the Ic-adic completion 

Kf{X)^CH*AXj). 

{iv) IfG acts freely on X, then chx coincides with the non-equivariant Chern char- 
acter map chx/G under the identifications K^{X) = Ki{X/G) and GHq (X, = 
CH*{X/G,i) (of. Proposition\2M)- 

Proof. In order to define c/i^, it suffices to define the component (c/i^(x))^. of 

chx{x) in CHq (X, i) for every j > 0, whenever x G Kf^{X). So we fix j > and 
choose a good pair {V, U) for G corresponding to j. Let t^ux : X x [/ — > X be 
the projection map, which is fiat. We define {ch%{x)) . to be the jth component 
of the composite map 

K^xiX) ^ K^^u (XxU)^ UXg) ^ GH* (X^, t) , 

where chxc '■ KilXc) GH* (X^i) is the non-equivariant Chern character map 
of Bloch and Gillet (cf. ^ Definition 2.34], [21 Section 7]). The proof of the 
independence of the above definition of the choice of the good pair (V, U) is same 
as the proof of Proposition 3.1 in [6], using the fact that the non-equivariant K- 
theory and higher Chow groups satisfy the homotopy invariance property. 

To prove the contravariance property of c/i*^, we can again reduce to the non- 
equivariant CclSG clS above, where this is already known (cf. [12], see also [TQl 
Theorem 1.10]). The same argument also proves {ii) as the non-equivariant Chern 
character is known to be a ring isomorphism (ioc. cit.). 
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To prove (m), we have ch^^Ic) C Y\^Hq {k, 0) by [6, 3.1], and hence 

i>i 

chx {^G^i^i-^)) Yl^^G ("^'0 by (yii)- This gives a map of inverse systems 
(7 1) _i 

j>n 

Taking the inverse hmits both sides and using 14.11 we get the required map in 
{Hi). The last assertion follows directly from the construction of chx above and 
by applying the contavariance property of the non-equivariant Chern character for 
the natural map Xq — > X/ G. □ 

For a G- variety X which is not necessarily smooth, we define (cf. [7], 2.6]) the 

equivariant operational Chow groups Aq{X) as operations c{Y — >• X) : CH^ (Y, ■) - 

CH-Q^-' (Y, ■) for any map F — X in Vg, satisfying the same properties as in the 
non-equivariant case. If E is an equivariant vector bundle of rank r on X, then 

for any map FAX, we can apply Proposition I2.2( v). to get the Chern class 
operations {f*{E)) : CH{. (F, ■) ^ CH^^^' (F, ■) and hence elements in A^ci^). 
This defines the Chern character 

oo 

(7.2) d^x ■■ K^{X) ^g(^) 

i=o 

which is a ring homomorphism and the Todd class 

=ri 

where {xi, ■ ■ ■ ,Xr} are the Chern roots of E {cf. [6l 3.1]). The Todd class of E is 

oo 

an invertible element of Yl ^ci-^)- denote the maximal ideal of the ring 

j=0 

Kq{X) consisting of the isomorphism classes of the vector bundles of virtual rank 

Q 

zero. The Chern character chx has the following important property that will be 
useful to us. 

Proposition 7.2. Let G be a linear algebraic group and let X G Vq- Then the 

Q 

map chx factors through the localization 

Q OO 

j=0 

Proof. If X is smooth, this follows from |6j, Theorem 4.1, Theorem 6.1]. Now 
suppose that X is not necessarily smooth. We need to show that for any element 

a G Kq{X) which is not in mx, the image of chx{ci) is an invertible element 
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oo 

of Yl ^ci-^)- Before we show this, we observe that Kq{X) has a canonical 

j=0 

decomposition 

(7.3) K^{X) = Q®mx 

as a Q- vector space. Given any a G Kq{X), we can use Lemma 17731 below to get 
a G-equivariant embedding X > M such that M is smooth and a = i*{(3) for 

^ 

some 13 G Kq[M). Now the contravariance property of ch gives a commutative 
diagram 

— r-G OO 

K^{M) ^ n ^g{M) 

j=0 



Since i* is a ring homomorphism which preserves the rank, we see from 17.31 that 

Q OO 

if a ^ mx, then /? is also not in rriM and hence ch^{(3) is a unit in Y\ Aq{M) by 

^ _^ oo 

the smooth case. Hence ch (a) = i o ch1^{P) is a unit in Aq{X). □ 

j=0 

Lemma 7.3. For any X G Vg a't-'^ « G ii'^(X), i/iere zs an equivariant closed 
embedding X ^ M with M G and a class (3 G Kq{M) such that a = i*{P). 

Proof. Since Kq{X) is the group of isomorphism classes of equivariant vector bun- 
dles, we can reduce the problem to a being a finite collection of vector bundles. 
Then by the diagonal embedding of X into a product of smooth varieties, we re- 
duce the problem to the case when a is an equivariant vector bundle E of rank 
r. 

Since G acts linearly on X, there is an equivariant closed embedding X Y 
with Y smooth. Put E' = f*{E). Then by [30], there is a G-equivariant vector 
bundle F on y and an equivariant surjection F -» E' . Let M be the Grassman 

bundle of rank r quotient bundles of F on F and let M y be the projection 
map. Let Q denote the universal quotient bundle of rank r on M. It is now easy 
to see that the action of G on y and F induces a natural G-action on M such that 
p is a G-equivariant map and Q is a G-equivariant bundle on M. The universal 
property of the Grassman bundle then implies that the map / factors through 

a map X ^ M such that E = i*{Q). Clearly, M is smooth and i is a closed 
embedding. □ 

The following property of the non-equivariant Riemann-Roch map tx '■ Gi{X) 
CH* {X,i) (cf. [2, 7.4]) will be used frequently in the construction of these maps 
in the equivariant setting. 
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Lemma 7.4. Let f : Y ^ X be a morphism of varieties such that either 

(i) f is a vector bundle morphism X , or 

(ii) X and Y are smooth and f is an l.c.i. morphism. 
Then one has ry o /* = TdyiTf) ■ (/* o tx) • 

Proof. First suppose X is not necessarily smooth and y is a vector bundle over 
X. Choose a finite open covering U of X such that the restriction of / on every 
f/ G W is trivial. Since the Riemann-Roch map commutes with the restriction to 
open covers (cf. [T2l Theorem 4.1]), we get a commutative diagram 

Gi{x) >e(w,/c) 



CH* (X, i) — > m {u, cn{-, i)) , 

where the terms on the right are the Cech cohomology of the sheaves of i^'-groups 
and Chow groups for the cover U. The horizontal maps are isomorphisms by the 
Mayer- Vietoris property of i^'-theory and higher Chow groups. Thus it suffices to 
prove the desired result for the open subsets in U. Hence we can assume that / 
is a trivial bundle, which can be further assumed to be of rank one by induction. 

Thus we have Y = X x and / is the projection map. Put Y = X x and 

let / : y — s> X be the projection and j : Y ^ Y the inclusion. Now we apply the 
isomorphisms Gi{Y) = Gi{X)(^Go{F^), CH* {Y, i) = CH* (X, i) ®CH* (P^, 0) and 
the proof of the Riemann-Roch theorem for the map X {cf. [121 Lemma 4.4]) 

to get 

Tyof*{a) = Ty{a®l) = rx(a)®rpi(l) 

= Txia)(g)Td{F^) = {l(g)Td{F^)y{Tx{a)®l) 

= Td (Tj) ■ {Tx{a) ®l) = Td (Tj) ■ (/ o Txia)) . 

Finally, we have 

TyO f* =TyO j* of*= j* OTyOf*=j*of OTx = f* O Tx ■ 

This proves the part (z). 

Now suppose X and Y are smooth and / is an l.c.i. morphism. Then we have 

Tyof* = {chy o /*) ■ Td{Y) = (J* o chx) " Td{Y) 

= if*ochx)-[Td{f*{X))-Td{Tf)] = f*{chx-Td{X))-Td{Tf) 
= [f*orx)-Td{Tf) 

□ 

Theorem 7.5. Let G be a linear algebraic group and let X G Vg. Then there is a 
Riemann-Roch map 



(7.4) T^:Gf{X)^CH*^{X,i) 

which satisfies the following properties. 
{{) is covariant for proper maps in Vq- 
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(ii) For a G Kq{X) and x G Gf{X), one has T^{ax) = chx{a) ■ t^{x), with 
respect to the K^{X)-module structure on Gf{X). 
{in) factors through the Ic-adic completion 



(7.5) GfiX)^CH*^{X,t). 

(iv) For a morphism f : Y X in Vg such that f is either an equivariant 
vector bundle morphism, or it is an equivariant l.c.i. morphism in Vq, one has 

° f* ~ ^'^y(^/) ■ (/* ° '^x) ■ If j '■ U ^ X is a G-equivariant open immersion, 
then o j* = j* o Tx- 

(v) If G acts freely on X , then coincides with the non- equivariant Riemann- 
Roch map tx/g under the identifications Gf{X) = Gi{X/G) and CHQ{X,i) = 
CH* iX/G,i). 

Proof. As in the case of Chern character, we need to define each component of 

in the product Y[ {X, i). So we fix x G Gf{X) and j > and choose a good 

j>o 

pair (V, [/) for G corresponding to j. Let t^ux : X x U —>■ X he the projection 
map, and consider the diagram 

G%{X) GScxu {X X U) ^ > G,{Xg) 



GH*c (X, i) < ^CH* {Xg, t) 

where txq '■ Gi{.X/G) CH* {Xg.i) is the non-equivariant Riemann-Roch map 
(cf. [21 7.4]) of Bloch and Gillet. We define 

(7.6) rf(x)-"^-°"^^^^) 



Tdxa (Ev) 

G G 

where Ey is the vector bundle X x {U x V) X x U = Xg- 

The proof that the above definition is independent of the choice of the good pair 
{V, U) follows exactly along the lines of the proof of [6, Proposition 31.1]. The only 
extra ingredient we need in our case is Lemma 17.41 

The properties (ii) and (Hi) follow directly from the definition of r*^ and the 
analogous properties of the non-equivariant Riemann-Roch map (cf. [T2l Theo- 
rem 4.1]). The proof of property (iii) is same as the proof of the corresponding 
property of the equivariant Chern character map in Proposition 17. 1[ The property 
(iv) follows from the corresponding non-equivariant result in Lemma I7.4[ The 
statement about open immersion follows from the analogous property of the non- 
equivariant Riemann-Roch (cf. [121 Theorem 4.1]). The proof of property [v) is 
the same as the proof of Proposition 17.11 (iv) . □ 

Corollary 7.6. The Riemann-Roch map factors through the localization 
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Proof. We have seen that chj^ is a ring homomorphism. Moreover, it follows from 
Theorem 17.51 {ii) that is K^{X)-lmeaY. Thus it suffices to show that any 

element a G Kq{X) which is not in mx, acts as a unit in CHq {X,i). But this 
follows immediately from Proposition 17.21 □ 

8. RiEMANN-ROCH FOR FINITE GROUP ACTIONS 

In this section, we review the equivariant i^-theory for finite group actions and 
prove our Riemann-Roch isomorphism in this case. As remarked before, such an 
isomorphism can also be obtained using the study of equivariant i^'-theory for finite 
group actions in [37]. Let G be a finite group and let X be an equidimensional 
G- variety. Let p : X ^ Y = X/G be the quotient for the G-action. Note that 
this quotient always exists and is quasi-projective because we are dealing with the 
linear actions on quasi-projetcive varieties. Let {X, ■) denote the cycle complex 
of codimension j cycles on X. Then G acts on {X, ■) by letting it act on an 
irreducible cycle a G Z^ {X, n) by 

and extending this linearly to all of a G Z^ {X, n). Note that G here acts on A x A" 
via the diagonal action for the trivial action of A". In particular, the action of G 
on Z^ (A, ■) commutes with the boundary maps, and we get an action of G on the 
complex Z^ (A, ■). Let Z^ (A, ■) denote the subcomplex of invariant cycles, and let 
dp denote the restriction of the differential d of the complex Z^ (A, ■) to Zq (A, ■). 
Put 

Ch'g (A, i) = Hi (Z^ (A, ■)) for i > 0. 
This gives a natural map 

(8.1) CH'a{X,.)^{CH^X,.)f. 
Lemma 8.1. There are canonical isomorphisms 

CW (F, ■) ^ CHa {X, ■) ^ {GW (A, ■)f . 

Proof. Let V C F x A" be an irreducible cycle intersecting all faces of y x A" 
properly and let V = p^^iV). Then V ^ V is a finite morphism. Moreover, the 
trivial action of G on A" implies that p-^ {V DY x A"") = F n A x A™ for all 
m < n. Hence H defines a cycle on A x A" which is clearly G- invariant. This 

gives a natural map Z^ (y, ■) ^ ■)• To show that p* is an isomorphism of 

complexes, we need to give a unique representation for every cycle a G Zq (A, ■) 
in terms of image of p* . Now we can write a as 

cr = T,ajVj — T,a'jVj, with aj, a'- > 0. 

Then it is easy to see that both the sums on the right are G-invariant. Hence can 
assume that a = ^ajVj with aj > 0. Since Vj' are irreducible, a is G-invariant if 

and only if it is of the form J^bjHj, where each Hj is of the form S gHj where 
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Hj is an irreducible cycle. Taking Wj = p (^Hj^ , it is then easy to see that 

a = T,ajp~^ (Wj) = (5), where Wj's (and hence 6) are uniquely determined by 
a. 

We now show that 6x is an isomorphism. The injectivity is proved by defining 
the trace map {X, ■) (X, ■) 

(8.2) trix) = j^^^^^f^li^), 

and checking that tr o Sx is the identity map on the homology. Thus we need to 
prove the surjectivity of 6x- So let x G {X,n) be such that dn{x) = and 

X — gx E Image((i„+i) W g E G (since x G {CH^ (X, n)) ). Putting Xg = x — gx, 
we get 



where y = ^J^9 ^ InicLge((i„+i). Since dn{x) = 0, it is easy to check that 
{tr{x)) = and x = 5% {tr{x)). □ 
Corollary 8.2. There are canonical isomorphisms 

(8.3) CH*(. (X, •) ^ {CW (X, ■))^ ^ CH* (F, ■) . 

In particular, the natural maps 



(8.4) CH}. (X, ■) ^ CH*^ (X, ■) ^ CH}. (X, ■) ^ Ci/^ ") 

are all isomorphisms. 

Proof. To prove 18.31 we only need to prove the first isomorphism. So fix j > and 
choose a good pair (V, U) for the G-action corresponding to j. Then we get the 
canonical isomorphisms 



CHI, (X, ■) ^ CW (Xg, ■) ^ [CW (X x f/, ■)) 



G 



where the second map is isomorphism by Lemma 18.11 On the other hand we have 
natural G-equivariant maps 

CW (X, ■) -> CW (X X ■) -> CW (X X [/, ■) . 

The first map is an isomorphism by the homotopy invariance and the second map 
is isomorphism by the localization sequence since (V, U) is a good pair. Taking the 

G-invariants both sides, we conclude the proof. 

The isomorphism of t he last and the composite of all maps in 18.41 follows from 
the isomorphisms in 18.31 which implies that the J^-adic filtration and the filtration 

by grading on CHq (X, ■) are nilpotent. The isomorphism of the first map (hence 
the second map) now follows from Corollary 14.81 □ 
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Corollary 8.3. Let G be a linear algebraic group over k such that all its irreducible 
components are also defined over k. Let denote the identity component of 
G and let H = G/G^. Let X be a quasi-projective k-variety with a G -action. 

Then the finite group H naturally acts on GH^o (X, i) such that {CH^o {X, i))^ = 
GH*a{X,i). 

Proof. We first observe that since all the components of G are defined over /c, 
if is a finite constant group. Fix j > and choose a good pair {V, U) for the 
G-action on X. Then this is also a good pair for the G°-action on X. More- 

over, H naturally acts on the mixed quotient X x U such that the correspond- 

G . ( GO 

ing quotient is X x [/. Hence by Lemma 18.11 B. acts on GH^ I X x U,i 

such that (gW (x x U,i^^ ^ GW (x xU,i]. The corollary now fol 



lows from the isomorphisms GW^o (X, i) ^ GW (^X x U, i^ and Cii^ (X, i) ^ 
Gw(xxU,i]. D 



For a finite group G acting on X, let cr : G x X —> X denote the action map. It 
is then clear that a is finite and etale. Put ax = o"* ([C^gxx]) £ ^oi^)- 

Lemma 8.4. For G and X as above, one has Tq^x o a* = a* o r^. 

Proof. We embed X equivariantly into a smooth G- variety M. By Corollary l8.3[ we 
can choose a good pair (V, U) for the G-action such that GHq (X, ■) = GH* (Xg, ■) 
and same for M. Then as in the proof of Theorem 17.51 {iv) , we are reduced to 
proving the non-equivariant version of the lemma for the induced map of quotients 

G f G G 

Gx{XxU)^XxU which is also finite and etale. Note that G x {X x U) = 
X X U and the map / is the quotient map for the free action of G on X x f/. 

q ^ 

Letting M x U M x U denote the corresponding map for M, our problem is 
reduced to proving that for a fiber diagram 



p 



q 



of varieties such that the bottom arrow is the closed embedding of quotients for 
a free action of a finite group G on the top arrow, which is an equivariant closed 
embedding, one has Ty o p* = p* ots- 

Before we prove this, we recall the construction of the Riemann-Roch map from 

[2]. Given any variety X, we first embed X M with M smooth. Let U denote 
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the complement of X in M. Then there is a diagram of homotopy fibration of 
spectra 

(8.6) G{X) G{M) G{U) 



chj. 



T^x — : — ^ 'Hm — z — ^ 



u, 

where the terms on the bottom arrow are spectra whose homotopy groups give the 
higher Chow groups (cf. [10^ Theorem 1.10]). Since this is a diagram of homotopy 
fibrations and the right square commutes, we get an induced Chern character with 
support chx '■ G{X) "Hx- Then one defines the Riemann-Roch map for X on 
the homotopy groups by tx{x) = Td{i*TM) ■ ch^ix). This is independent of M. 

Coming back to the proof of I8.5[ we first claim that o p* = \G\id. But the 
projection formula reduces this to showing that p^:{l) = \G\. By the Riemann- 
Roch theorem (cf. |2]), it suffices to show that o ry(l) = 16*1x5(1). Using the 
above construction of the Riemann-Roch map, we have 

p,OTYil) = p^chyiiyi* (TdiZ))] 

= p,ot*{Td{Z)) 
= p^oi* oq*{Td{W)) 
= p,op* oj*{Td{W)) 
= \G\rsil), 

where the third equality holds because g is a finite and etale map of smooth 
varieties. This proves the claim. 



Now for any a G Gi{S), we have 

p* o Tsia) = p*oTs (^^p, o p*(a)) 



j^^ip* oTsop,op*{a)) 

= tr{TYop*{a)) 
= Ty o p* (tr{a)) 
= Ty o p*{a). 

Here, the first equality follows from the above claim. The fourth equality occurs 
because of the fact that for any irreducible cycle V & Z* (Y, n), one has p*op^,(y) = 
S fJ,*(y) = \G\tr(y). Finally, the last equality holds because G acts trivially on 

5". This completes the proof of the lemma. □ 

Theorem 8.5. For X G Vg as above, the Riemann-Roch map Gf{X) CHq (X, i) 
is surjective. Moreover, for any x G Gf{X), one has T^ix) = if and only if 
ax ■ X = 0. 



Proof. Before we begin the proof, we note that maps Gf{X) into CHq (X, 
but we can now replace the latter by GHq {X,i) using Corollary 18.31 
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To show the surjectivity of r^, we consider the following diagram 



TGxX 



Gf{G X X) —^CH*a (G X X, i) 



Gf{X) ^CH*a{X,t) 

which commutes by Theorem I7.5[ Since G acts freely on G x X, we can apply 
Theorem 17.51 and the non-equivariant Riemann-Roch (cf. [21 Theorem 9.1] to 
conclude that the top horizontal arrow is an isomorphism. Moreover, as a is finite 
and etale, we have W^oa* = \G\id. In particular, a* is surjective and hence so is 

To prove the remaining part of the theorem, we first show that if G acts freely on 
X, then ax is an invertible element of Kq[X). Let X = X/G be the quotient 
map. Then Kq{X) = Kq{Y) and ax = P* {[C^x])- Now the assertion follows from 

the fact that Kq{Y) has a canonical decomposition Kq(Y) = Kq(Y) © Q, where 

Ko{Y) is nilpotent and ax has positive rank. 

Now suppose X e Gf{X) is such that t^^x) = 0. Then by Lemma [8^ we get 
Tq^x °o'*{x) = 0, which in turn implies that a*{x) = as t^xx is an isomorphism. 
Composing this with a* and applying the projection formula, we get ax ■ x = 0. 

Conversely, ax ■ x = implies that a* (ax) ■ cr*{x) = a* {ax ■ x) = 0. But we 
have just shown that cr* {ax) = «gxx is a unit in Kq{G x X). So we must have 
cr*(x) = 0. Composing this with t^^x ^"^^ applying Lemma [8.41 we conclude that 
a* o Tx{x) = 0. This in turn gives a* o a* o r^(x) = and hence \G\tx{x) = 0. □ 

Corollary 8.6. Let G be a finite group and let X G Vg- Then 
{i) The maps 

gRx) Gf{X) Gf{X)^^ ^ Gf{X)^^ 
are all isomorphisms. 

{ii) The Riemann-Roch map induces isomorphism 

Gf{X) ^ GWa (X, ^) • 



(m) If X is smooth, then the Chern character map in Proposition 1 7. j| induces an 
isomorphism 

Kf{X) ^ CH*a{X,t). 

Proof. First we note that ax is a unit in K^{X)^^ and so it acts as a unit on 
Gf{X)^^. It then follows from Corollary 17.61 and Theorem 18.51 that induces an 
isomorphism 

(8.7) Gf{X)^GH*a{X,z). 
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To prove the isomorphism of the second and the third arrows in (i), it suffices 
to show that the mx-adic filtration on Gf{X) is nilpotent. But we have seen 

in the proof of Proposition 17.21 that chj^ (ra^) C nA;^(X) for every n > 1. 

We conclude from Corollary 18.31 that mxCHQ {X,i) = for n ^ and hence 
from 18.71 we get ^x^fi-^)mx = for n ^ 0. To prove the isomorphism for the 
first arrow in (i), we note from [371 Theorem 1] that R{G) = /g x {R{G)/Ig), 
where Iq is a finite product of fields. This implies that Iq = Ig for all n and hence 

Gf{X) ^ Gf{X)/lG = Gf{X). The part (ii) now follows directly from the part 
(i) andEZl 

If X is smooth, then Corollary 18.31 implies that there is a good pair (V, U) 
for the G-action such that CHq {X, ■) = CH* {Xq, ■)• Now we see from the the 
construction of the non-equivariant Rie mann-Roch map in the proof of Lemma [8^ 
and its equivariant construction in 17.61 that 

(8-8) = ^^IMchl 



Td{E 



V) 



^ G 

Now the isomorphism of chx follows from {ii) and the fact that the Todd classes 
are invertible elements in CH* {Xq, 0). □ 



9. RiEMANN-ROCH ISOMORPHISM FOR ACTION WiTH FINITE STABILIZERS 

As was mentioned in the beginning, our approach to the proof of Theorem 11.21 
is to eventually reduce the problem to the case when the underlying group acts 
either with finite stabilizers or with a constant dimension of stabilizers. In the 
case of action with finit e stabilizers, we shall in fact prove the following stronger 
version of Theorem II. 2[ where we do not assume that the given variety is smooth. 
The equivariant iiT-theory of smooth varieties for actions with finite stabilizers was 
studied before in [32] and [33]. The main result of [33] is a decomposition of the 
equivariant i^'-theory from which one can deduce the Riemann-Roch isomorphism. 
Our approach in this case is focussed more on directly constructing a Riemann- 
Roch isomorphism between the equivariant i^'-theory and higher Chow groups, 
without relying on the results of Toen and Vezzosi-Vistoli. Moreover, we prove 
this in a form which will be most suitable for us in the proof of our main result of 
this paper. 

Theorem 9.1. Let G be a linear algebraic group acting on a (possibly singular) 
variety X. If G acts with finite stabilizers, then the Riemann-Roch map of \7.5\ 
gives rise to a commutative diagram 

(9.1) Gf{X)0n^G)R{G) CH*a{X,t)^siG)S{G) 



GfiX) 
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where all the maps are isomorphisms. If G is a diagonalizable group, then the 
horizontal maps are isomorphisms and the vertical maps injective, even when it 
acts on X with a fixed dimension of stabilizers. 

In this section, we study the Chern character and the Riem ann- Ro ch maps for 
the torus action with finite stabihzers, and prove Theorem 19. II in this special case. 
We begin with the following general result. 

Proposition 9.2. Let G be a linear algebraic group acting on a variety X with 
finite stabilizers. Then for any i > 0, one has GHQ{X,i) = for j ^ 0. In 
particular, the natural maps 



CH*a (X, t) ^ CH*c (X, t) ^ GH*a (X, z) ^ CH*^ (X, z) 
are all isomorphisms. 

Proof. We only need to prove the first assertion. T he r emaining part then follows 
exactly in the same way as the proof of Corollary 18.21 We embed G as a closed 

G 

subgroup of GLn for some n. Then GL„ acts naturally on the quotient GLn x X, 
and this action is with finite stabilizers if and only if G-action on X is with finite 
stabilizers (cf. [6l Section 5]). By Corollary 13.21 we can assume that G is the 
general linear group and hence a connected and split reductive group. We can now 
use Corollary 13.91 to reduce to the case when G is a split torus T. 

Now, by Thomason's generic slice Theorem (cf. [31] Proposition 4.10]), there 
exists a non-empty T-invariant open subset U <Z X and a diagonalizable subgroup 
Ti C T with quotient T/Ti = T2 such that T acts on U via T2, which in turn acts 
freely on U such that there is a T-equivariant isomorphism 

U ^ U/T xT2 = U/T X T. 

Since T acts on U with finite stabilizers, Ti must be a fi nite diagonalizable group. 
Now we apply the Morita isomorphism of Corollary 13.21 to get 

CH^ {U, i) ^ CH^ (^U/T X T, i^ = CH:^^ {U/T, i) . 

Since Ti acts trivially on U/T, we now apply Theorem 13. 101 to get 
(9.2) CH^ {U, ^ CH* {U/T, ®q^(Ti). 

Since CH^ {U/T,i) = for j ^ and since Ti is a finite group, we must have 
CH^rp {U, z) = for j ^ 0. Now we apply the Noetherian induction and the 

localization sequence (cf. Proposition 12. 2p to conclude that CH^{X,i) = for 
J > 0. □ 

Lemma 9.3. Let G and X be as in Proposition ^.^ Then the natural map 

G?{X),^ Gf{X) 

is an isomorphism. 
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Proof. This is a straightforward generahzation of [,6, Proposition 5.1] to higher 
i^-theory and we only give the main steps. We only need to show that 

I^GfiX),^ = for n » 0. 

By embedding G into GL„ and using the Morita equivalence (cf. [271 Theo- 
rem 1.10]) 

(9.3) Gf^-^GL^xX^ ^Gf{X), 

we can reduce to the G = GLn case. In this case, we use the Merkurjev's isomor- 
phism (cf. [22], Proposition 8.1]) 

GfiX)(g>niG)R{T) ^ GjiX) 

to reduce to the case of G = T a torus. 

Now, we can use Thomason's generic slice Theorem as above and then [29| 

Lemma 5.6] to get a non-empty T-invariant open subset U G X and a finite 

subgroup Ti G T such that there is a T-equivariant isomorphism U — > U/T x T 
and 

Gj{U) ^ G,{U/T)(^QR{n). 

Since Ti is finite, we have It^R{Ti) = by [371 Theorem 1], and hence ItGJ{U) = 
0. Now the corresponding result for Gj{X) follows from the Noetherian induction 
and the localization sequence in the equivariant i^'-theory (cf. [271 Theorem 1.5]). 

□ 

Theorem 9.4. Let G be a diagonalizahle group acting on a variety X with finite 
stabilizers. Then induces the following commutative diagram where all maps 
are isomorphisms. 

1) Gf{X) — ^CH*^iX,t) 



Gf{X)—^GH*^{X,t) 



'X 



If X is smooth, then the Chern character map of Proposition \7.1\ induces an iso- 
morphism 

Kr(X)^CH^,z). 



Proof. We see from Proposition 19.21 that the map Gf{X) GHq (X, i) actually 



lifts to a map Gf{X) CHq (X, i). The proposition also shows that the map 
is an isomorphism. This automatically gives a natural map as in the above 
diagram, which is functorial in X and which makes the diagram commute. 
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As in the proof of Lemma 19131 we can choose a non-empty G- invariant open sub- 
set f/ C X and a finite subgroup Ti C G such that Gf{U) ^ Gi{U /G)®qR{Ti), 
which in particular gives 



G^{U)®RiG)R{G) ^ G,{U/G)®q[R{T^)®r^g)R{G)). 

Since the natural map R{G) R{Ti) is finite, we have 

R{T,)^R(^G)R{G) ^ mT\)a ^ 
where the last equality follows from [6, Corollary 6.1]. Thus we get an isomorphism 



(9.5) 



GfiU)(g)R^G)RiG) ^ G,{U/G)®QRiT^ 



Similarly, we use 19.21 and [6^ Theorem 6.1 (b)] to get an isomorphism 

(9.6) GH*a (U, t) ®s(g)^) ^ CH* {U/G, t) 0qS{j\) 
and a commutative diagram 

(9.7) GfiU)(E)R(^G)RiG) ^ > G,{U/G)(»Qlm) 



CH*c {U, z) ®siG)S{G) CH* {U/G, t) ®q5(Ti). 

The map tu/g is an isomorphism by the non-equivariant Riemann-Roch (cf. [21 
Theorem 9.1]) and is an isomorphism by Theorem II. 1[ In particular, the right 
vertical map is an isomorphism and hence so is the left vertical map. 

To prove the isomorphism of r^, we let Y = X — U and consider the diagram 
of localization sequences 



GfiY) > GfiX) 



GfiU) 



^Gt,{Y) 



GH^ {U, i + l)^ GH*(j {Y, i) ^ GH*c (X, i) ^ GH*^ (f/, i) ^ GH*^. (F, i - 1) 



which commutes by Theorem 17. 5[ The rows are exact since R{G) and S{G) are 
flat over R{G) and S{G) respectively. The map Ty is an isomorphism by the 
Noetherian induction, and we have shown above that is an isomorphism. We 
conclude from 5-lemma that is also an isomorphism. 

To show that is an isomorphism, the natural maps Gf{X)^^ Gf{X) —>■ 

Gf{X) and Lemma [9^ imply that Ux is surjective. It is injective because we have 
just shown that o Ux = o is an isomorphism. Finally, the isomorphism 
of now follows since all other maps in 19.41 are isomorphisms. 
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If X is smooth, we can use Proposition 19.21 to choose a good pair (V, U) for 
the G-action such that CHq{X,i) = CH* (Xci)- The rest of the argument is 
exactly the same as the proof of the corresponding result for finite group actions 
in Corollary 18.61 □ 

10. Proofs Of Theorem 11.21 For Diagonalizable Groups 

In this section, we prove Theorem 11.21 for the action of diagonalizable groups 
on smooth varieties. We first deal with the case when a diagonalizable group G 
acts on a variety (possibly singular) X such that the stabilizers have a constant 
dimension. 

Proposition 10.1. Let G be a split diagonalizable group and let X & Vg be s uch 
that the stabil izers of all points of X have a constant dimension. Then Theorem \l.B 
and Theorem \9.1\ hold. 

Proof. Using Proposition 15.51 and Remark 15.61 we can assume that there exists a 
subtorus T (Z G such that T acts trivially on X and H = G/T acts on X with 
finite stabilizers. We have then 

Gflx) = Gf{X)^niG)R{G) 

^ {Gf{X)®QR{T))0R^G)R{G) 

^ Gf (X)®^(^) Ur{H)®qR{T)) (S(]7)®Qi?(T)) 

^ GfiX)®R^H) (i?(G)®H(G) (i?C??j®Q^))) 

- (^GfiX)^n(H)lKH))®QR{T) 

- Gf^)®Cji?(T), 

where the second isomorphism and the isomorphism R{G) = R{T)^qR{H) follow 
from [2ni Lemma 5.6]. We can similarly use Theorem 13.101 to get 

(10.2) CH*^, i) ^ CH*^, i)0QSiT). 

First we assume X G and prove Theorem II. 2[ Since the construction of 
the equivariant Chern character (cf. Proposition I7.ip at the individual factors of 

GHq {X,i) is given by the non-equivariant Chern character on a mixed quotient, 
we have a commutative diagram 

(10.3) if(X)®Qi?(T) > Kf{X) Kf{X) 



:io.i) 



— H — T 
chx®chi. 



chx 



CH*H (X, ^)®q5(T) CH*H (X, CH*H (X, i), 

where the map is injective by Corollary 14.81 The left vertical map is an iso- 
morphism by Theorem 19.41 and T heorem 11.11 The first arrow in both the rows are 
isomorphisms by 110.11 and 110.21 This automatically induces the middle vertical 
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~ G 

arrow chxi which is an isomorphism and makes both the squares commute. This 
also imphes that is injective. This proves Theorem ll.2[ The proof of The- 
orem 19.11 follows exactly the same way by replacing the Chern character by the 
Riemann-Roch map, since Theorem 19.41 holds even when X is singular. □ 

Theorem 10.2. Let G he diagonalizahle group and let X G Vq. Then the Chern 
character map ch^ induces an isomorphism 

such that the diagram 

(10.4) (X)®R(G)i?(G) ^ CH},{X, i)®s[G)S{G) 



up 



Kf{X) — > CH*^ (X, z) 



commutes. 



Proof. In the rest of this section, we shall use the terms and the notations of 
Sections 5 and 6 freely without explaining them again. Let s > be the largest 
integer such that Xg ^ 0. We prove the theorem by induction on s. If s = 0, 
then G acts on X with finite stabilizers in which case the result is already proved 

in Theorem 19. 4[ So we assume that s > 1. Let Xs "—^ X and X^s X he the 
inclusions of closed and open sets as before. Since G acts on Xs wit h constant 
dimension of stabilizers, the result holds for Xg by Proposition 110. 1[ This also 
holds for X<s and by induction on s (since ATO = {Ns)^g). Thus we have the 

maps ch^^^ such that ch^^^ o Ux^^ = ^x^^ ° ^^x<s ^^'^ similarly for Xg and N^. 

We now consider the following diagram. 

(10.5) 

KfiX) ' Kf^iX^s) © Kf{X,) > irf (iVO) 



~G ~G 



-<ii-i 



iTsJi) — — ■ ^vx,s -^:,<s-i 

CE}. (X, %) > CE}. (X<„ %) © CE}, (X„ %) > CE*a {N^ i) 



CE}. (X, i) ^ CE*^ (X<„ t) © CE*^ (X„ i) > CE*^ (X^, t) 



G 

where the curved downward arrow on the left is chx o Ux- The composite square 
on the left commutes by the contravariance of the Chern character. The lower 
right square clearly commutes. We show that the upper right square commutes. 



RIEMANN-ROCH FOR EQUIVARIANT A"- THEORY 49 

For this, it suffices to show separately that 

(10.6) (i) ch^ooril^^_^=f]l..^^^och^^ and (ii) ch^ooSpf;^ = Spf;^ och^ 
But rj* is the composite of pull-backs 



mxs) ^ Am) - kRn^ 



s /' 



where the last map is the pull-back to an open subset. The same factorization 
holds for the higher Chow groups as well. Hence (i) follows directly from the 
contravariance of the Chern character. To prove (ii), we consider the diagram 



fs.<s-\ ^ -SPx^.s 



~G 



CH*^ iMs,<s-u i) — ^ CH*a (X<„ CH*a {Nl z). 

The left square is a pull-back diagram and hence commutes. The composite top 
horizontal arrow is just the pull-back i* and the composite bottom horizontal 

arrow is il <:s_i (cf. Diagram 15. 9p . Hence the composite square commutes. The 
map js<s„i is surjective from the iiT-rigidity (cf. [311 Proposition 4.3, Proposi- 
tion 4.6]). It follows that the right square also commutes, which proves flOM Hence 
we have shown that all the completed squa res in the diagram 110.51 commute. 
Now, the top row in the diagram 110.51 is exact with the ffist map injective 

by [Ml Proposition 4.7] and the fact that R{T) is flat over R{T). The same 
conclusion holds for the middle row by Proposition 16. 1[ The bottom row is exact 
with the ffist map injective by Proposition 16. II and Proposition 14. 1[ It follows from 

a diagram chase that there exists a unique map chx '■ K^{X) CHq {X,i) such 
that the upper left square commutes. The injectivity of {g*s,fs) now shows that 

chx o Ux = Vx: ° chx- This proves the theorem. □ 

11. Reduction Steps For Arbitrary Groups 

In this section, we establish some reduction steps for deducing the proofs of our 
main results for an arbitrary group from the case of diagonalizable groups. We 
ffist do this for G = GLn- 

Proposition 11.1. Let G he a linear algebraic group and let X G Vq- Suppose 
that Theorem (resp. Theorem \9.1\) holds when G is a diagonalizable group. 
Then Theorem \l.S\ (resp. Theorem \9 . 1\) also holds when G = GLn. 

Proof. We ffist prove the assertion for Theorem II. 2 [ The other case is similar and 
we shall indicate the specific changes. So let T be a split maximal torus of G = GLn 
and W the Weyl group. Then by Corollary 13.91 W acts on CH^ {X, ■) as graded 

automorphisms and CHq {X,i) = (CH^j. {X.,i)) for every j > 0. In particular. 
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W 



W acts on Cif * (X, i) and Cif* (X, i) = [CH^ (X, j . Since W acts through 

the pull-backs, we see that it acts on S{T) as 5'(G)-algebra automorphisms and 
on CH^ (X, i) as 5'(G)-linear maps. We also have the trace maps (cf. 18. 2p 



CH*(. (X, i) ^ CH^ (X, i) ^ CH*Q (X, i) 

such that the composite is identity. Letting W act on CH^ {^i'^) ®s{G)S{T) diag- 
onally, we get natural maps 
(11.1) 

CH*G (X, i) ®5(G)5(G) ^ Ci/^ (X, z) ®siG)S{T) ^ CH*a (X, ^) 0s(g)S{G) 

such that the composite is identity. We note here that since S{T) and S{G) are 
polynomial algebras, the Jr-adic and the graded filtrations on S(T) coincide, and 

similarly for S{G). In particular, the maps S{T) CH^{k,0) and S{G) 

CHq {k, 0) are isomorphisms. 

Since W preserves the graded filtration of CH^ it preserves the augmen- 

tation ideal Jt of S{T). Moreover, as W acts as an 5'(G)-algebra on S(T), we see 
that W preserves all powers of Jg and hence the J^-adic filtration of CH^ 
Since W clearly preserves the J^-adic filtration on S{T) and since this filtration 
induces the same topology on S(T) as the J^-adic filtration (cf. [6] Theorem 6.1]), 
we see that the maps 



CH^{X,i) ® S{T) 

S{G) 



CH* (X, i) 



S{T) 



CH^ (X, i) 



5(G) J^5(r) j^cff* (X, i) 

are all H^-equivariant. We conclude that the composite map 



CH^ (X, i) 
CHf^ (X, i) 



Ci7* (X, i) 



;il.2) CH^{X,t)^siG)S(T) 



CH^iX,t) ®5(T)5(T) 

is ly-equivariant, where the slanted downward arrow is the natural surjection and 
the upward arrow is injective by Corollary 14. 81 We now have the following diagram. 




CH*c (X, i) ^siG)S{G)' > CH*T (X, i) 0siG)SiT) ^ CH*^ (X, i) ®s[g)S{G) 



CH^ (X, i) 



tr 



^CH*^iX,i) 



The left square clearly commutes since W acts trivially on the terms in the left col- 
umn. Since Wx is W^-equivariant and Ux is its restriction on CHq (X, i) ^siG)S{G), 
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the right square also commutes. Since both the composite horizontal arrows are 

identity, we get the natural maps 

(11.3) 



CH*^{X,t) 



CH* {X, i) 



tr 



CH*^{X,t) 



CH}. (X, z) ®si.G)S{G) CH^ {X, t) ®siG)S{T) CH}. (X, i) ®s(g)S{G) 



such that the composite is identity. Moreover, the middle term is same as '^^jri^^^) 

CH^{X,i) 

by 111.21 We now consider the following diagram. 



:ii.4) 




All the completed faces of the above diagram commute and the map chx is an 
isomorphism by our assumption about the torus action. We want to show that 

the dotted arrow can be completed by the map chx such that the back face (and 
hence all faces) of the cube commutes. Using 111.31 and a diagram chase, we see 
that it suffices to show that the image of the composite map 



kRx) CH*a {X, i) ^ CH*^ (X, i) 

lies in CH^ But this follows directly from the commutativity of all com- 

pleted squares in the above diagram. 

It remains now to show that chx is an isomorphism. We first note that the 

completed arrows in the above diagram are i?(G)-linear via the isomorphism of the 

rings R{G) ^ S{C). In particular, chx is -R(G')-linear. Moreover, R{T) = S{T) 

is faithfully fiat over R{G) = S{C). Thus it suffices to show that chx®^7p.R{T) 
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is an isomorphism. However, we have the following commutative diagram. 
(11.5) 



Kf{X)®n^G)R{T) 



~G ~G 



CH*^{X,i)®^^S{T) 



CH*aiX,i) 0siG)SiT) 



Kf(X)®K(T)i?(T) 



chx^chf. 



The map ipr is an isomorphism by |22| Proposition 8] and 0^ is an isomorphism by 
Theorem 13. 8[ The bottom horizontal arrow is an isomorphism by our assumption. 

We conclude that the top h orizo ntal arrow is also an isomorphism. 

For the proof of Theorem 19.11 for G = GLn , we first observe that 111.31 is general 
and it holds for any reductive group G with a split maximal torus T and any 
X e Vg by Corollary 13. 9[ Hence we can consider the same diagram as 111.41 
with i^'-groups replaced by G-groups and the Chern character replaced by the 
equivariant Riemann-Roch of Theorem 17.51 to get the desired map r^. Then all 

the maps in the diagram are i?(G)-linear by Theorem 17.51 (ii). Since G acts with 
finite stabilizers, so does T and hence is an isomorphism by Proposition 110.11 
Moreover, as [221 Proposition 8] also holds for the G-theory, the same argument 
as above shows that is an isomorphism. □ 

We need the following finiteness results for the maps of the equivariant Chow 
rings and the completions of the representation rings for generalizing Proposi- 
tion 111.11 to any linear algebraic group. For compact Lie groups and complex 
algebraic groups. Lemma [11.31 follows from the stronger results of Segal (cf. [23] ) 
and Edidin-Graham (cf. [8, Proposition 2.3]). 

Lemma 11.2. Let G be a linear algebraic group and let H G G be a closed sub- 
group. Then the restriction map S{G) —>■ S{H) is finite. In particular, S{G) is 
Noetherian. 

Proof. We first assume that G is a diagonalizable group and if C G is a subtorus. 
Then we have an isomorphism R{G) = R{H)^qR{G / H) by [29| Lemma 5.6] and 
the natural map R{G) —>■ R{H) is surjective and hence finite. In general, we embed 
G inside some GL„ to get the maps R{GLn) — > R{G) —>■ R{H). Hence we can 
assume that G = GL„. 

There is a finite extension l/k such that all the connected components of the 
algebraic group Hi are defined over /, the identity component is split and 
its unipotent radical Ru (H^) is also defined and split over /. Moreover, there is 
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maximal torus T of Gi such that T f] Hi = T' is a spht maximal torus of Hi. We 
now consider the following commutative diagram. 



;ii.6) 



S{G) S{Gi) > S{T) 



S{H) >S{Hi) >s{r) 



We have shown above that the right vertical arrow is finite. The first horizontal 
arrow on the top is an isomorphism since G = GL^ {cf [6^, Section 3.2]), and the 
second horizontal arrow on the top is finite by Corollary 13. 9[ In particular, S{T') 
is finite over S{G). To see that the middle vertical arrow is finite, we can use 
Lemma 14.21 and Corollary 18.31 to assume that Hi is connected and split reductive 
with split maximal torus T'. In that case, it follows from Corollary 13.91 and the 
fact that S{G) is Noetherian. Finally, we conclude from Lemma 14.41 that S{H) 
is an 5'(G')-submodule of S{Hi) and hence finite over S{G). The claim about the 
Noetherian property follows from this finiteness result and the fact that S{GLn) 
is Noetherian. □ 

Lemma 11.3. Let G be a linear algebraic group and let H G G be a closed sub- 
group. Then the restriction maps R{H)^R(^G)R{G) ^ R{H) and S{H)®s{g)S{G) 
S{H) are isomorphisms of Q-algebras. 



J.G 



Proof. Let R{H)(j and S{H)q denote the /c-adic completion of R{H) and J^-adic 
completion of S{H) respectively. Then we have R{H)q ^ R{H) and S{H)fj ^ 

S{H) by [6l Theorem 6.1]. The isomorphism of the map S{H)®s{g)S{G) — ^ S{H) 
now follows directly from Lemma lll.2[ We consider the following commutative 
diagram. 



:ii.7) 



R{G) 



R{G) 



R{G) 



S{G) 



R{H) > R{H)®R^G)R{G) > R{H)c 



R{H) 



H 



S{H) 



G 



ch^ 



^S{H) 



Since ch^. and c/i^ are ring isomorphisms by Theorem ll.il we conclude that there 



exists a unique isomorphism R{H) 
commutes. We have shown that S{H)^ 



chl. 



G 



> S{H)^ such that the above diagram 
S{H)(S)s{G)S{G), and the latter is then 
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finite over S{G). Now we conclude from tlie above diagram tliat R{H)q is finite 
over R{G). 

Using the indicated isomorphisms of rings in the above diagram, we need to 



show that the composite map R{H)®r{^g)R{G) — > S{H)q in the middle row is an 
isomorphism, in order to prove the proposition. We have now the natural maps 



-^G 

RiH)®niG)R{G) ^ K^iG/H)®n^G)RiG) CH*^ (G/H, 0) ®5(g)5(G). 



The first map is an isomorphism by the Morita equivalence [6l Proposition 3.2] 
and the second map is an isomorphism by Theorem 110.21 and Proposition 111.11 

However, the last term is same as CH^ {k, 0) ®s{G)S{G) = S{H)®s{G)S{G) by [Q\ 

Proposition 3.2], and we have seen above that the latter term is same as S{H)q. 
This proves the lemma. □ 



Proposition 11.4. Let G be a linear algebraic group and let X G Vg- Suppose 
that Theorem (resp. Theorem \9.1\) holds when G is a diagonalizable group. 
Then Theorem \l.S\ (resp. Theorem \9.1\) holds for any G. 



Proof . As in the proof of Proposition Ill.H we first prove the assertion for The- 
orem 11.21 The other case is similar and we shall indicate the specific changes. 
Choosing an embedding G ^ GLn as a closed subgroup and using |271, Theo- 
rem 1.10] and Corollary 13.21 above, we have natural isomorphisms 



Gf^- {GL^x X] ^ Gf{X) and 



GH*GLAGL^xX,t] ^GH*ciX,t) 
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G 



Putting X = GLn X X and replacing the G-groups by i^'-groups (as X is smooth), 
we get the following commutative diagram. 



Kf^{X)0n(G) (R{G)0RiGLr.)R{GL^] 



i^f^"(X)®«(GL„)i?(GL„) 



r'GLn 



CH*aLAXM®siGL^)S{GL,, 



GH*^{X,t) 



^SiGLn) 



n)S{GLn) 



GH*c (X, i) 0siG) S{G)(»siGL„)S{GL, 



Kf{X)®RiG)R{G) 



ch^ 



y,GLn 



CH*a{X,i) ^siG)S{G) 



GH*^iX,t) 



The top horizontal map is the composite 

K^{X)(g>R^G) [r{G)®r(gl^)R{GL. 



Kf{X)®niGL^)R{GL^) 



^K^^"{X)®niGL„)R{GLr.). 
The second vertical arrow on the right is an isomorphism as mentioned above. The 

maps Tq " on both sides are isomorphisms by Lemma 111.31 ch x is an isomor- 
phism by Proposition 111.11 and is injective by Corollary 14.81 We conclude that 

^ G ~ G 

the map chx ° Ux factors through a map chx which is an isomorphism. 

To deduce Theorem 19. II from the case of diagonalizable groups, we use the same 
diagram as above for G-groups and the same changes as in the proof of the theorem 
for GLn in Proposition II l.H and observe that if G acts on X with finite stabilizers, 

then so does GL„ on X. □ 
12. Proof Of The main result and consequences 



Our strategy to prove Theorem 11.21 and Theorem 19.11 is to use the results of the 
previous section to reduce the proofs to the case of diagonalizable groups. 

Proof of Theorem II. 2t The existence of chx its isomorphism follows from 
Theorem 110.21 and Proposition [TLH We have moreover seen from the construction 
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of the equivariant Chern character in Proposition 17.11 that R{G) -^^^ S{G) is an 

isomorphism of rings and chx is i?(G')-hnear under this isomorphism. Taking the 
/(^-completion of the top row in the diagram 11.31 under the isomorphism Iq = 

~ G 

Jg, we see that the isomorphism chj^ induces the isomorphism of completions 

Finally, the map Ux is injective by Corollary 14.81 Hence Ux is also injective. □ 

Proof of Corollary II. 3t The ring homomorphism Kq{X) -^^^ CH^ {X,0) is 

an isomorphism by Theorem ll.li Moreover, the map is a i^'^(X)-linear un- 
der the above isomorphism by Theorem 17.51 Since the Todd classes of the vector 

bundles are invertible elements of CHX{X,0), we see from the construction of 
the Riemann-Roch map in Theorem 17.51 that there is an invertible element (3x in 

Kq{X) such that = /3 ■ chx- The corollary now follows from Theorem ll.2[ □ 

Proof of Theorem I9.lt If a diagonalizable gro up ac ts with a fixed dimen- 
sion of stabilizers, then this is proved in Proposition 110. 1[ If any linear algebraic 
group G acts on X with finite stabilizers, then is an isomorphism by the case of 

diagonalizable groups and Proposition 111.41 Since is an i?(G)-linear (cf. The- 
orem [72]), the isomorphism of Gf{X) CH^ (X, i) follows exactly in the same 

^ G 

way as the isomorphism of chx in the proof of Theorem 11.21 

To prove the isomorphism of vertical arrows in the diagram 19. 11 we first see that 
the map Ux is an isomorphism by Proposition 19.21 This implies then that Ux is 

injective. On the other hand, the natural maps Gf{X)j^ Gf{X) Gf{X) 
and Lemma [9.31 imply that Ux is surjective. □ 

Proof of Theorem II. 4[ For any X G Vg, we have the natural maps 

GfiX) ^ Gf{X),^ % CH^, i) ^ GH*a (X, ^) , 

where the last map is an isomorphism by Proposition 19.21 and is an isomor- 
phism by Theorem 19.11 This gives the desired lifting of the Riemann-Roch map 

Gf{X) GHq {X,i) such that Ker (r^) has the desired property. 

For the surjectivity of r^, we first prove the case when X is smooth. By [Ml 
Theorem 6.1], there is a finite G-equivariant cover f : X' —>■ X such that X' is 
normal and G acts freely on X'. In particular, X' is quasi-projective and the G- 
action on X' is linear (cf. [9l Proposition 7.1]). We claim that for any i,j > 0, the 

map CH}j{X',i) ^ GH}.{X,i) is surjective. To see this, choose a representation 
of G and a G-invariant open subset UofV such that G acts freely on U and the 
codimension oi V — U is larger than j. Then the induced map / : Xq — > Xq is a 
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finite map of quasi-projective scliemes (ioc. cit.) sucli that Xq is smooth. Hence by 
[21 Theorem 4.1 and 5.8], there is a pull-back map /* : Cffi{XG,i) CW{X'(.,i) 
such that o is the multiplication by the degree of /, which proves the claim. 
Now let Y' = X'/ G and consider the following Riemann-Roch diagram. 



Gf(X')^CH*a{X',z) 



f* 



Gf{X)^CHUX,t) 



Note that like X'q and Xq, Y' is also quasi-projective. Moreover, one has Gf{X') = 
G'{Y') and CH^{X',i) ^ GH*{Y',i). In particular, we conclude from the Bloch's 
non-equivariant Riemann-Roch Theorem that the top horizontal arrow is an iso- 
morphism. We have just shown above that the right vertical map is surjective. We 
conclude that the bottom horizontal map must be surjective. 

If X is singular and the stack [X/G] has a coarse moduli scheme, then by [201 
Theorem 1], there a X' G Vg and finite fiat G-equivariant map f : X' ^ X such 
that G acts freely on X'. As / is finite and fiat, we have maps /* : GH^{Xg, i) —>■ 
CH^{X'^, i) and /, : GH^{X'(., i) CW{Xg, i) such that /, o /, is the multiplica- 
tion by the degree of / by the same reason. The same argument as in the smooth 
case above now proves that is surjective. □ 

As another application of our Riemann-Roch isomorphisms to the equivariant K- 
theory, we can prove the following partial generalization of [22i Proposition 8] from 
simply connected to arbitrary reductive groups. For simply connected reductive 
groups, Merkurjev's result is stronger in that his result holds with the integral 
coefficients. But the main advantage of the following result is that it does not 
assume anything about G. It will turn out in the forthcoming sequel that it may 
not be necessary to complete the ring R{T) in the corollary below. 

Corollary 12.1. Let G be a connected and split reductive group and let T be a 
split maximal torus of G. Then for any smooth variety X with G-action and for 
any i > 0, the natural map 

Kf{X)®R^G)R(X) ^ K^{X)^RiT)R(X) 

is an isomorphism. For actions with finite stabilizers, rj^ is an isomorphism even 
if X is not smooth. 

Proof. We first note that there is an i?(G)-linear isomorphism 

KfiX)^niG)RiT) ^ Kf{X)®^^mT). 
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Thus we need to show that the natural map Kf {X)® ^^^R(T) Kf{X) is an 
isomorphism. For this, we consider the following commutative diagram. 

'mi) 



The vertical maps are isomorphisms by Theorem 11.21 So we need to show that the 
bottom horizontal map is an isomorphism. However, we have isomorphism 

CH*^, i)®^^) = CH*a (X, z) ®s(G) (5(G)®^5(T)) 

^ {CH*a (X, t) ®siG)S{T)) ®siT)S(T). 

But the last term is naturally isomorphic to CH^ (X, i) ®is{t)S(T) = CH^ (X, i) 
by Theorem [331 This proves the corollary when X is smooth. The same proof also 
applies when X is not smooth and G a cts with finite stabilizers by Theorem 19.11 
since our extra ingredient Theorem 13.81 holds for all X G Vg. □ 
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